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Famous Words: 


If you would go up high, then use your own legs! Do not let yourselves carried 
aloft; do not seat yourselves on other people’s backs and heads. 


By F.W.Nietzsche, a German philosopher. 
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Abstract: In this paper, we investigate Smarandache curves according to type-2 Bishop 
frame in Euclidean 3- space and we give some differential geometric properties of Smaran- 
dache curves. Also, some characterizations of Smarandache breadth curves in Euclidean 3- 


space are presented. Besides, we illustrate examples of our results. 
Key Words: Smarandache curves, Bishop frame, curves of constant breadth. 
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§1. Introduction 


A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz 
have defined a special case of such curves and call it Smarandache TBy curves in the space 
E} [10]. Moreover, special Smarandache curves have been investigated by some differential 
geometric [6]. A.T.Ali has introduced some special Smarandache curves in the Euclidean space 
[2]. Special Smarandache curves according to Sabban frame have been studied by [5]. Besides, It 
has been determined some special Smarandache curves E} by [12]. Curves of constant breadth 
were introduced by L.Euler [3]. 

We investigate position vector of curves and some characterizations case of constant breadth 


according to type-2 Bishop frame in E°. 


§2. Preliminaries 


The Euclidean 3-space E* proved with the standard flat metric given by 
<, >= dr} + dx3 + dx3 


1Received November 26, 2015, Accepted May 6, 2016. 
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where (x1, £2, 3) is rectangular coordinate system of E3. Recall that, the norm of an arbitrary 
vector a € E? given by ||a|| = /<a,a>. ¢ is called a unit speed curve if velocity vector uv of 
y satisfied ||v|| = 1 


The Bishop frame or parallel transport frame is alternative approach to defining a moving 
frame that is well defined even when the curve has vanishing second derivative. One can 
express parallel transport of orthonormal frame along a curve simply by parallel transporting 
each component of the frame [8]. The type-2 Bishop frame is expressed as 


& 0 0 ET! & 
£5 fee OO <a) 2 oa | ke (2.1) 
B' Ely €9 0 B 


In order to investigate type-2 Bishop frame relation with Serret-Frenet frame, first we 
Bi=—TN = €4& + €2€9 (2.2) 
Taking the norm of both sides, we have 


K(s) = — r(s) =e? +3 (2.3) 


Moreover, we may express 


€1(s) =—TcosO@(s),  €2(s) = —T sin O(s) (2.4) 
By this way, we conclude 6(s) = Aretan =. The frame {£1, £2, B} is properly oriented, 
and 7 and 6(s) = i «(s)ds are polar coordinates for the curve a(s). 
0 
We write the tangent vector according to frame {&, €2, B} as 
T = sin 0(s)& — cos @(s)& 
and differentiate with respect to s 


T'=KN= _ 6'(s)(cos6(s)€, + sin O(s)£2) (2.5) 
+ sin @(s)£, — cos 0(s)& , 
Substituting €; = —¢,B and €, = —e2B in equation (2.5) we have 
KN = 6'(s)(cos 0(s)& + sin 0(s)&2) 


In the above equation let us take 0'(s) = K(s). So we immediately arrive at 


N =cos0(s)€, + sin 0(s)£9 
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Considering the obtained equations, the relation matrix between Serret-Frenet and the type-2 
Bishop frame can be expressed 


T sinO(s) —cos@(s) 0 & 
N | =| cos@(s) sinO&(s) O|-|] & (2.6) 
B 0 0 1 B 


§3. Smarandache Curves According to Type-2 Bishop Frame in E?® 


Let a = a(s) be a unit speed regular curve in E? and denote by {€¢, £5, B°} the moving Bishop 
frame along the curve a. The following Bishop formulae is given by 


ef = FB", Ef =—e$B%, BY = tet + 89 
3.1 €,.-Smarandache Curves 


Definition 3.1 Let a = a(s) be a unit speed regular curve in E® and {&¢, 5, B“} be its moving 


Bishop frame. €,€,-Smarandache curves can be defined by 


aot 


aise + &5') (3.1) 


B(s*) 


Now, we can investigate Bishop invariants of €;€-Smarandache curves according to a = 


a(s). Differentiating (3.1.1) with respect to s, we get 


- dB ds* —-1 
ta (REET RS @) Bo 
B arr wa + ef) 
(3.2) 
ds* —1 - 
where ds* j 
5s a 1. 
ae es + €3) (3.3) 
The tangent vector of curve @ can be written as follow; 
Tg = —B® = —(efey + €3€2') (3.4) 
Differentiating (3.4) with respect to s, we obtain 
dTg ds* Acts ri 2 
- ~~ = eG +2989 (3.5) 


ds* ds 
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Substituting (3.3) in (3.5), we get 


(ere? + e363) 


a 
2 
Then, the curvature and principal normal vector field of curve ( are respectively, 


2 


| v2 : 
||] =o = ey 8) + 8) 


i +é9 
1 CeO aca 
\— ——— = (ETS + ef&3) 
(et) + (€2) 
On the other hand, we express 


1 
Bg = ———=—==—— det| 0 0 -1 


(e?)” + (e$) 


So, the binormal vector of curve ( is 
1 aca aca 
Bg = selene — ef €) 
(et)” + (eg) 
We differentiate (3.2); with respect to s in order to calculate the torsion of curve 3 
y _— a 2 aaa a 
B= si l(e?) + fez |e 
re mee4 a 2 a a a a 
+ [eted + (69) J6F + lef + 3] }B%] 


and similarly 
=] 
B= Weieess + 6265 + 63B%) 


where 
; ? 3 2 
Oy=  8efeftefeSt2eleg- (eT) - (ef) ef 
f } ? 2 3 
bg= eVe$tePeS+3eSef-ef (eF)° - (€F) 
d3= ef tes 
The torsion of curve ( is 


cites f[(eg + 8) (eS + (€$)"]di — [Cet + £9) ((e9)? + eFe$)]d0} 


3.2 €,B-Smarandache Curves 


Definition 3.2 Let a = a(s) be a unit speed regular curve in E® and {&¢, 5, B“} be its moving 
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Bishop frame. €;B-Smarandache curves can be defined by 


B(s") = aa ta) 


(3.6) 


Now, we can investigate Bishop invariants of £;B-Smarandache curves according to a = 


a(s). Differentiating (3.6) with respect to s, we get 


- dB ds* —-1 
B caer a + eféf + FEF) 
ds* —1 
Tp = = EF BO + EGE + EF EF) 
where 
ds* _/2(ef)" + es)" 
ds 2 


The tangent vector of curve 7 can be written as follow; 
1 AaEea a a 
Ig = sores Pejts =e, 3B") 
2(et)” + (e) 


Differentiating (3.9) with respect to s, we obtain 


dT ds* _ 1 
ds* ds 


x (Hi Ey +M2és +3 B) 


3 
2 


where 
i= efeSeSte? (ef)? 
— 2 (68)? oO De %e% oA 19 (oO)? o0_9 ay\3 a a a\3 
a= (eq) ef-2eTePes +2 (ef) ef-2 (ef )” ef-ef (2) 
ps=  eFete$ — 2 (e%)* + (e%)? (e$)? — ef (e9)? 


Substituting (3.8) in (3.10), we have 


] v2 a a a 
Tg = ia (Mf t+ Hf + 3 BY) 


2 2 
[2 (ea)? + (€8)7| 
Then, the first curvature and principal normal vector field of curve (@ are respectively 


|z5| =Kg= bayer + 5 + B53 


1 
Neg = ss (1 + HF + HBO) 


Via + Be + BS 


(3.7) 


(3.8) 


(3.9) 


(3.10) 
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On the other hand, we get 
if a a (23 
Be rr | (Mn tt os) Ef 


a 2 a 2 
Voi tus +3 1/2 (ef) + (eX) 
— (MEP +usEt) ES + (u2ef-mies) BO] 


We differentiate (3.7) with respect to s in order to calculate the torsion of curve 3 


B= Ahr (et)? tether 


(a as | a a\2 a oe: a 
+ [-efeg + ef — (ef) les — ef BF} 


and similarly 
=] 
B= aT1€f + Pee + P3B%) 


J2 
where 1, 8 
Ty= -6e%e%-+e%+2 (e%)° 


: oa tae ae 3 
Tg= -2eFeS-efeS tes -2eSeS tet (eF)° -e%eFt+ (ef) 
T3= -ef 
The torsion of curve ( is 


[2 (et)" + (s)"1* 


ro geen 8 ‘a a 2 
> a a re res eat (es) hy 
AV2 (uit U3 +H3) 


-2( (ef . — ef Totefez-ef + (ef) )Ts]eg 
-[(e% — 2 (e9)")P's + efT Je} 


3.3 €,B-Smarandache Curves 


Definition 3.3 Let a = a(s) be a unit speed regular curve in E® and {&¢, 5, B“} be its moving 


Bishop frame. €2B-Smarandache curves can be defined by 


Als") = (+B) (3.11) 


Now, we can investigate Bishop invariants of £2B-Smarandache curves according to a = 
a(s). Differentiating (3.11) with respect to s, we get 


p=: = (-ef B® + ef Et + eFE3) 
qs ds (3.12) 
Ty = (etep + ef69 — 2B) 
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where 
ds* _ | (ef) +2(€$)" 
= wl 
ds 2 ee) 
The tangent vector of curve 3 can be written as follow; 
7, = SEAS — AB ‘ib 
2 (et) + (ef) 
Differentiating (3.14) with respect to s, we obtain 
dTg ds* 1 - A . 
8 = (m+ m3 +3 B°) (3.15) 
ds* ds ana a\2]2 
[(e#)? +2 (e8) 


where 


m= (€$)" ef + (ef) ef-etetes 
m= (ef )? egt 2 (€9 y- (ef) -2(ef) -3 (ef 3 (€3 )? 
Substituting (3.13) in (3.15), we have 


T3 = ines + mfx + 3B) 
[2(ea)? + (e2)"| 


Then, the first curvature and principal normal vector field of curve @ are respectively 


|r| V2./n2 + 13 + 13 
=Kg= Ts nab 
[te +2 (€9)7| 


1 
Ne =a (ET + T+ 3B") 


Vnt +5 +73 


On the other hand, we express 


1 
Be=—§_  ((meEF +39 ET 


2 2 
Vmtng+ngy/ (ef) +2 (ef) 


— (més +ns€t) €5'+ (met-mes) BO] 


We differentiate (3.12); with respect to s in order to calculate the torsion of curve 3 


B= pf{letertet — (ef) let 


+ [e9 — 2 (€$)7]és — 9B} 
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and similarly 


“ ] 
B= vans + méo + 3B) 


where 


m= ~e%eS — SeeMtett (€2)? ef + (e2)? 


N2= -Ae% e5 + ee + 2€5 


= “a 
13= -€9 


The torsion of curve (3 is 


a\2 ay274 : : 
T3= ry let + (e$ — 2 (e$)”)nslet 
12 +13 


a)2 aan ne a\2 
+[2 (e3)" mt+(eteg-ef + (ef) )n2 


+(-efe? tet )nslez} 
3.4 €€2B-Smarandache Curves 


Definition 3.4 Let a = a(s) be a unit speed regular curve in E® and {€%, £5, B®} be its moving 
Bishop frame. €f&2B-Smarandache curves can be defined by 


B(s*) = ae os 8) (3.16) 


Now, we can investigate Bishop invariants of €?€2B-Smarandache curves according to 


a = a(s). Differentiating (3.16) with respect to s, we get 


. dg ds* ” aca 
B= —— = Salle? + 8) BY — ef ef — 8 681 
(3.17) 
ds* t a aca 
Tg: —— = yallet + 62) es eTer — e365 )| 
where 
ds* —— [ (e®)? + ee + (c2)?] 
GS" aig p ANCL) ere Meg): (3.18) 
ds 3 
The tangent vector of curve @ can be written as follow; 

y = EASES — (+ of) Be (3.19) 


Q[(et)? + ees + (e$)”] 
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Differentiating (3.19) with respect to s, we get 


dT 3 ds* ALES +AZES +23 B® 
EY Ste (3.20) 
ds* ds YR a elas a2] 2 
2/2 [(e9) + efeg + (ef) 
where 
Ai= [ef-2 (ez)? -eFeS]u(s)-ef [2eGet tees Hef eS +2eF eF| 
Ao= [e$-2 (e$)” -eGe$]u(s)-e$ [et + ef eS + 2eFes] 
Ng=_ Le@-e8]Ju(s) tee [2eMe@ 4 BeMeS eM eh 4 2e8 9] 


+ effet (e8)° + 2 (€8)'] 
Substituting (3.18) in (3.20), we have 
i — MBO +A26F +3") 
pi 2 
4 (ea)? + eteg + (e$)"| 


Then, the first curvature and principal normal vector field of curve (@ are respectively 


V8) +2 +22 


|t5||="= 
4|(e9) + ETED + ($)"| 


(3.21) 
1 


Ng= 2 2 2 
Jr +3 +2 


On the other hand, we express 


(ArEf + A2és' + A3B%) 


1 
B= eet ] ce? c¥  -(e9 +e) 


alety tetest (2) VAP fg, 


So, the binormal vector field of curve ( is 


1 
Be {le + 87) 


Q[(eH)” tefe$t (€$)7] - RDB 
— ef Ag]EP+[—efAs-(eF + eS )]ES+[ePAn-eF \1] B7} 


We differentiate (3.20) with respect to s in order to calculate the torsion of curve 3 
y a 2 aca a a 
B= -yR {2 (et) Herer er 167 


cae 2 Ca a 8 a a a a a, 
+[2 eg)” tefeg-eS]ES'+ [eT + eg] B7} 
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and similarly 
ee 1 
B= -—s(o1 ff + 923 + 03B") 


i 
where - 
m= 4e%e{+3e%eS-eF-2 (ef)°- (ef)? fF 


m= Befe¥trefeStefe$-cF-2 (eF)°-f (e$)? 
n3= eFtey 
The torsion of curve ( is 
16[(ef)? tees +(e 7]? 


2 i t 2 
78 a rte 12 (62) tered-€8 Jor +Ceg-2 (ef)” -ee2 Joe 


+(2 (e%)? +eteS-e%)oglet+ LeS-2e%+2 (cf)? tefe$)or 


+(-2 (62)? Fe tet )on + (2 (e%)? teteS-eP)os]eg}. 


§4. Smarandache Breadth Curves According to Type-2 Bishop Frame in E® 


A regular curve with more than 2 breadths in Euclidean 3-space is called Smarandache breadth 


curve. 


Let a = a(s) be a Smarandache breadth curve. Moreover, let us suppose a = a(s) simple 
closed space-like curve in the space £3. These curves will be denoted by (C). The normal plane 
at every point P on the curve meets the curve at a single point @ other than P. 


We call the point Q the opposite point P. We consider a curve in the class [ as in having 
parallel tangents €; and €{ opposite directions at opposite points a and a*of the curves. 


A simple closed curve having parallel tangents in opposite directions at opposite points 
can be represented with respect to type-2 Bishop frame by the equation 


aX(s) = a(s) +A + yf +B (4.1) 


where X(s), p(s) and 7(s) are arbitrary functions also a and a* are opposite points. 


Differentiating both sides of (4.1) and considering type-2 Bishop equations, we have 


da* ds* dr d 
agp = (Sper + + (= + ner)ée 
ds ds ds ds d (4.2) 


+ (—Ae1 — Yeo 4 )B 
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Since €{ = —& rewriting (4.2) we have 


dy _ 1 ds* 
ds 1 ds 


dp 
ds 
dn 


—= vX1+ 96 
ds Pace 


= ges (4.3) 


If we call 6 as the angle between the tangent of the curve (C) at point a(s) with a given 


direction and consider “ =k, we have (4.3) as follow: 
8 


dX El 

ao Ma (8) 

dip €2 

Tees ai 4.4 
dé a eo) 
dn - El €2 

> CRs 


1 1 
where f(@) =6 + 6* , 6 =—, 6* = — denote the radius of curvature at a and a* respectively. 
And using system (4.4), we have the following differential equation with respect to A as 


dey kK a a da £1) 
dos 6, d0\K° d02 'K?2 « dO‘e,’ db k 
kK a? e;..dX 16, dey e? 
ee (ea ee Ry. 
Ade ede nde ee 


(4.5) 


ESS (cil Le pace, aac 


éo €1d0\ Kk’ dO? ‘é5 = nab 


2 2 
6 €1 ,d,K,d,€1, Ka ey 
—24—42—(—)—(—)+— — (—)]f (6) =0 
ea eg he i a eae ae 
Equation (4.5) is characterization for a*. If the distance between opposite points of (C) 
and (C™) is constant, then we can write that 


la* — al] = 2 + vw? +7? =P = constant (4.6) 


Hence, we write 


dy dy dn 
—— —— — — 4. 
Mg ap ae oo 


Considering system (4.4) we obtain 


d- f(0) =0 (4.8) 
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We write \ = 0 or f(9) = 0. Thus, we shall study in the following subcases. 


Case 1. A=0. Then we obtain 


=— f* soya = ff n@2ao) 2240 
ee es . ae (4.9) 
and ‘ 3 

df df T.osin?O = 

we op oe 4:10) 


General solution of (4.10) depends on character of 7 Due to this, we distinguish following 
K 
subcases. 


Subcase 1.1 f(@) = 0. then we obtain 


a, 40 
9 ¢, 

y = — f n—dé (4.11) 
5K 

6 6 
El E92 
= [ \—dé — 
n Ia, se 


Case 2. Let us suppose that ’ 4 0, p 40 ,n £0 and A, y, 7 constant. Thus the equation 
(4.4) we obtain 1 _oand 2 =0. 
K K 


Moreover, the equation (4.5) has the form a = 0 The solution (4.12) is X = Ine + 
L206 + L3 where L,, Lz and L3 real numbers. And therefore we write the position vector ant 
the curvature 

a* =at AG, + Aoke + A3B 


where A; = A, Ap = y and A3 = 7 real numbers. And the distance between the opposite points 
of (C) and (C*) is 
la* — al| = A? + AS + A} = constant 


§5. Examples 


In this section, we show two examples of Smarandache curves according to Bishop frame in E°. 
Example 5.1 First, let us consider a unit speed curve of E® by 


2 
B(s)= (= gutoa= — sibs), : 


Le Ae ees(05S) si 
306 cos(9s) +35 cos(25s), 136 sin(8s)) 
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Fig.1 The curve 3 = {(s) 


See the curve G(s) in Fig.1. One can calculate its Serret-Frenet apparatus as the following 


T = (# cos9s + # cos 25s, 4 sin 9s — 4 sin 25s, + cos 8s) 
N = (# csc 8s(sin 9s — sin 25s), — $3 csc 8s(cos 9s — cos 25s), *) 
B=(% 


(25 sin 9s — 9 sin 25s), —34(25 cos 9s + 9 cos 25s), —7 sin 8s) 


«K = —15sin8s and 7 = 15cos8s 


In order to compare our main results with Smarandache curves according to Serret-Frenet 
frame, we first plot classical Smarandache curve of (@ Fig.1. 


Now we focus on the type-2 Bishop trihedral. In order to form the transformation matrix 
(2.6), let us express 


s 


1 
O(s) =- / 15 sin(8s)ds = * cos(8s) 
0 
Since, we can write the transformation matrix 


T sin(2 cos8s) —cos(cos8s) 0 fi 
N cos(2cos8s) sin(2cos8s) 0 |° §2 
. 0 


0 1 B 
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Fig.2 €1€, Smarandache curve 


By the method of Cramer, one can obtain type-2 Bishop frame of ( as follows 


f= (sin 0(33 cos 9s — 2 cos 25s) + $7 cos @ csc 85(sin 9s — sin 25s), 
sin 0(3 sin 9s — 4 sin 25s) — #3 cos csc 85(cos 9s — cos 25s), 


1b 8 
Te sin # cos 8s + 7 cos A) 


f= (—cos0(3 cos 9s — 2 cos 25s) + $ sin 6 csc 8s(sin 9s — sin 25s), 
- cos 0(33 sin 9s — 2 sin 25s) — # sin @ csc 8s(cos 9s — cos 25s), 


15 8 
— 73. cos 4 cos 8s + 77 sin 6) 


B= ((25sin9s — 9sin 25s), —34(25 cos 9s + 9 cos 25s), —+2 sin 8s) 


where 6 = 2 2 cos(8s). So, we have Smarandache curves according to type-2 Bishop frame of the 
unit speed curve 3 = a(s), see Fig.2-4 and Fig.5. 


Fig.3 &€,B Smarandache curve 


Smarandache Curves and Applications According to Type-2 Bishop Frame in Euclidean 3-Space 15 


Ooon 
= ONME@mo 


a 


i 


Fig.4 €)B Smarandache curve Fig.5 €,2B Smarandache curve 
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Abstract: In this study,firstly, the darboux vector W of the natural lift @ of a curve 
a are calculated in terms of those of a in R}. Secondly, we obtained striction lines and 
distribution parameters of ruled surface pair generated by by Darboux vectors of the curve 


q@ and its natural lift @. Finally, for a and @ those notions are compared with each other. 
Key Words: Lift, ruled surface, striction line, distribution parameter. 
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§1. Introduction and Preliminary Notes 


The concepts of the natural lift curve and geodesic sprays have first been given by Thorpe in 
[17]. Thorpe proved the natural lift @ of the curve a is an integral curve of the geodesic spray iff 
a is an geodesic on M. Caliskan at al. studied the natural lift curves of the spherical indicatries 
of tangent, principal normal, binormal vectors and fixed centrode of a curve in [16]. They gave 
some interesting results about the original curve, depending on the assumption that the natural 
lift curve should be the integral curve of the geodesic spray on the tangent bundle T (S 2). Some 
properties of M-vector field Z defined on a hypersurface M of M were studied by Agashe in 
[1]. M-integral curve of Z and M-geodesic spray are defined by Caligkan and Sivridag. They 
gave the main theorem: The natural lift @ of the curve a (in M) is an M-integral curve of the 
geodesic spray Z iff a is an M-geodesic in [8]. Bilici et al. have proposed the natural lift curves 
and the geodesic sprays for the spherical indicatrices of the the involute evolute curve couple in 
Euclidean 3-space. They gave some interesting results about the evolute curve, depending on 
the assumption that the natural lift curve of the spherical indicatrices of the involute should 
be the integral curve on the tangent bundle T (S?) in [6]. Then Bilici applied this problem 
to involutes of a timelike curve in Minkowski 3-space (see [7]). Ergiin and Caliskan defined 
the concepts of the natural lift curve and geodesic spray in Minkowski 3-space in [10]. The 
analogue of the theorem of Thorpe was given in Minkowski 3-space by Ergiin and Caliskan in 


1Received June 6, 2015, Accepted May 8, 2016. 
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[10]. Calskan and Ergiin defined M-vector field Z, M-geodesic spray, M-integral curve of Z, M- 
geodesic in [9]. The analogue of the theorem of Sivridag and Caliskan was given in Minkowski 
3-space by Ergiin and Caliskan in [10]. Walrave characterized the curve with constant curvature 
in Minkowski 3-space in [16]. In differential geometry, especially the theory of space curve, the 
Darboux vector is the areal velocity vector of the Frenet frame of a spacere curve. It is named 
after Gaston Darboux who discovered it. In term of the Frenet-Serret apparatus, the darboux 
vector W can be expressed as W = TT’ + «B, details are given in Lambert et al. in [13]. 

Let Minkowski 3-space R} be the vector space R? equipped with the Lorentzian inner 
product g given by 

g (X,X) = —2? + 03 + 22 


where X = (%1,%2,23) € R®. A vector X = (x1,22,23) € R® is said to be timelike if 
g(X,X) < 0, spacelike if g(X,X) > 0 and lightlike (or null) if g(X,X) = 0. Similarly, an 
arbitrary curve a = a(t) in R? where t is a pseudo-arclength parameter, can locally be 
timelike, spacelike or null (lightlike), if all of its velocity vectors a(t) are respectively timelike, 
spacelike or null (lightlike), for every t € J CR. A lightlike vector X is said to be positive (resp. 
negative) if and only if x1 > 0 (resp.x,; < 0) and a timelike vector X is said to be positive 
(resp. negative) if and only if x, > 0 (resp. x1 < 0).The norm of a vector X is defined by [14] 


IXliz = Vig (XDI 


We denote by {T (t), N (t), B(t)} the moving Frenet frame along the curve a. Then T, N and 
B are the tangent, the principal normal and the binormal vector of the curve a, respectively. 

Let a be a unit speed timelike space curve with curvature « and torsion 7. Let Frenet 
vector fields of a be {T,N,B}. In this trihedron, T is timelike vector field, N and B are 
spacelike vector fields.For this vectors, we can write 


TxN=B, NxB=-T, BxT=N, 
where x is the Lorentzian cross product, [4]. in space R? . Then, Frenet formulas are given by 
T =«KN,N =«T+7B, B =-—TN, [16]. 


The Frenet instantaneous rotation vector for the timelike curve is given by W = 772+ KB. 
Let a be a unit speed spacelike space curve with a spacelike binormal. In this trihedron, 
we assume that T and B are spacelike vector fields and Nis a timelike vector field. In this 
situation, 
TxN=B, NxB=T, BxT=-—-N, 


Then, Frenet formulas are given by 
T =KN,N =kT+7B, B =TN, [16]. 


The Frenet instantaneous rotation vector for the spacelike space curve with a spacelike 
binormal is given by W = 7T' — kB. 
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Let a be a unit speed spacelike space curve with a timelike binormal. In this trihedron, we 
assume that T and N are spacelike vector fields and B is a timelike vector field.In this situation, 


TxN=-B, NxB=T, BxT=N, 


Then, Frenet formulas are given by, 


, 


T =KN,N =-«T'+7B, B =TN, [16]. 


The Frenet instantaneous rotation vector for the spacelike space curve with a timelike 
binormal is given by W = —7TT' + KB. 


Lemma 1.1(({15]) Let Xand Y be nonzero Lorentz orthogonal vectors in R}. If X is timelike, 
then Y is spacelike. 


Lemma 1.2((15]) Let X and Y be pozitive (negative ) timelike vectors in R}. Then 
g (X,Y) < ||XII¥ || 
whit equality if and only if X and Y are linearly dependent. 


Lemma 1.3([15]) (1) Let X and Y be pozitive (negative) timelike vectors in R}. By the Lemma 


2, there is unique nonnegative real number yp (X,Y) such that 
g(X,Y) =||AI|[[¥l] cosh yy (X,Y), 


the Lorentzian timelike angle between X and Y is defined to be p(X,Y). 


(2) Let X and Y be spacelike vektors in R} that span a spacelike vector subspace. Then 
we have 
Ig (X,¥)| < XIV. 


Hence, there is a unique real number p(X,Y) between 0 and a such that 
g(X,Y) = ||XI|[]¥ cosy (X,Y), 


the Lorentzian spacelike angle between X and Y is defined to be p(X,Y). 


(3) Let X and Y be spacelike vectors in R} that span a timelike vector subspace. Then we 
have 


g(X,¥) > IAT. 
Hence, there is a unique pozitive real number yp (X,Y) between 0 and m such that 
\g(X,¥)| = |X| [Vl] cosh (X,Y), 


the Lorentzian timelike angle between X and Y is defined to be py (X,Y). 


(4) Let X be a spacelike vector and Y be a pozitive timelike vector in R}. Then there is 
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a unique nonnegative reel number p (X,Y) such that 
lg (X,¥)| = ||X][[¥ |] sinhy (X,Y), 
the Lorentzian timelike angle between X and Y is defined to be p (X,Y). 


For the curve a with a timelike tanget, let 9 be a Lorentzian timelike angle between the 


spacelike binormal unit —B and the Frenet instantaneous rotation vector W. 


a) If |K| > |r|, then W is a spacelike vector. In this situation, from Lemma 3 (3) we can 
write 
k = ||W|| cosh6, 7 = ||W|| sinhé 
|W]? = g WW) = «2 — 7? and C = WT = sinh@T + cosh@B, where C is unit vector of 
direction W. 
b) If |K| < |r|, then W is a timelike vector. In this situation, from Lemma 3 (4) we can 


write 


& = ||W]||sinhé, 7 = ||W]|| coshé 

|W? = -g (W, W) = — (x? — 7?) and C = cosh 6T + sinh OB. 
For the curve a with a timelike principal normal, let @ be an angle between the B and the 
W, if B and W spacelike vectors that span a spacelike vektor subspace then by the Lemma 3 


(2) we can write 
kK = ||W||cos0, 7 = ||W|| sind 


|W? = 9(W,W) =n? +7? and C =sinéT — cos OB. 


For the curve a with a timelike binormal, let 6 be a Lorentzian timelike angle between the 
—B and the W. 


a) If || < |r|, then W is a spacelike vector. In this situation, from Lemma 3 (4) we can 
write 


& = ||W]||sinhé, 7 = ||W]|| coshé 
|W ||? = 9 (W, W) = 7? — ke? and C = —cosh6T + sinh@B. 
(b) If |x| > |7|, then W is a timelike vector. In this situation, from Lemma 3 (1) we have 


k = ||W|| cosh6, 7 = ||W|| sinh0 


|W? =-9 (WW) =- (7? — «?) and C = —sinh6T + cosh6B. 


From [10], we know that if a be a unit speed timelike space curve, then the natural lift 
@ of a is a spacelike space curve; if a be a unit speed spacelike space curve with a spacelike 
binormal, then the natural lift @ of a is a timelike space curve; if a be a unit speed spacelike 
space curve with a timelike binormal, then the natural lift @ of a is a spacelike space curve. If 
a be a unit speed timelike space curve and @ be the natural lift of a, then from [12] we know 
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that 


T (s) = (6), N(s) =- Tt) - FEB) Ble) = - ET (6) - BOs), 


and if a be a unit speed spacelike space curve with a spacelike binormal and @ be the natural 
lift of a, then 


T(s) =N(s), N(s) = HoT (0) + TBs). Bs) = TIT) - FEL BO), 


and if a be a unit speed spacelike space curve with a timelike binormal and @ be the natural 
lift of a, then 


Fre) — =a.) . _ h(s) T(s) sn 18) K (s) 
T(s)=N(s), N (8) =— Tat 9) — TB ©) : B(s) = Tt) + TR 


Definition 1.1([4]) Let M be a hypersurface in R} and let a : I —> M be a parametrized 


curve. a is called an integral curve of X if 
— (a(s)) =X (a(s)) (for alls € J), 
where X is a smooth tangent vector field on M. We have 


TM = |) TpM= x(M), 
PEM 


where TpM is the tangent space of M at P and y(M)_ is the space of vector fields on M. 


Definition 1.2([5]) A parameterized curve a: I —>M,a@:I—>TM given by 


@(s) = (a(s),@ (s)) =a (s) ats 
is called the natural lift of a on TM. Thus, we can write 


dad i. 
S =F (2 (8) lat) = Partay® (6) 


where D is the Levi-Civita connection on R? ; 


A ruled surface is generated by a one-parameter family of straight lines and it possesses a 
parametric representation 
X (,v) = a(s) + ve(8), 
where a(s) represents a space curve which is called the base curve and e is a unit vector 
representing the direction of a straight line. 


The striction point on a ruled surface X is the foot of the common normal between two 


consecutive generators (or ruling ). The set of striction points defines the striction curve given 
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as 


g(a’,e’) 
B(s) = a(s)- ———e(s) [2]. 
g(e,e) 
The distribution parameter of the ruled surface X is defined by ([2]) 


det (a’,e,e’) 
er 2 
lle’|| 


and the ruled surface is developable if and only if P. = 0. 


§2. Ruled Surface Pair Generated by Darboux Vectors of a Curve and 


Its Natural Lift in R} 


In this section the darboux vector W of the natural lift @ of a curve a are calculated in terms 
of those of a in R? . We obtained striction lines and distribution parameters of ruled surface 
pair generated by Darboux vectors of the curve a and its natural lift @ Let a be a unit speed 


timelike space curve. Then the natural lift @ of a is a spacelike space curve. 


Proposition 2.1 Let a be a unit speed timelike space curve and the natural lift @ of the curve 


a be a space curve with curvature K and torsion T. Then 


|W =(s) _ _# (s)7(s) +K(s)7 (s) 
K(s)’ 


Mole es) WIP 


Proposition 2.2 Let a be a unit speed timelike space curve and the natural lift @ of the curve 


a bea Space CUrve. 


(i) If the natural lift @ is a unit speed spacelike space curve with a spacelike binormal, then 


WT (SOO OAO) wap 
K(s) «(s) |W 


(it) If the natural lift @ is a unit speed spacelike space curve with a timelike binormal, then 


w= Hrs (SOO OAE) wap 


x (s) « (8) [|W 


Let X and X be two ruled surfaces which is given by 


X (s,v) =a(s)+vC (s), X (s,v) = &@(s) + vC (s) 


The striction curves of X and X are given by@(s) = a(s) — AC (s) and B(s) = @(s) — 


22 Evren ERGUN and Mustafa CALISKAN 


uC (s),respectively. The distribution parameters of the ruled surfaces X and X are defined by 


det(a’,c,c’) _— det (a, c) 


C=? _ Ne 


jor" © [ely 


Proposition 2.3 If the natural lift @ is a unit speed spacelike space curve with a timelike 


binormal, then 


y=) yy, 
[k’ (s)}" — [r’ (s)] 
ie: AKOLAO 
— [=H rete’ +(s)0(s)| + [o' (s)]° + [o (s) 7 (s)? 


a(s)T (s)? —k(s) [ee +K(s)o (») 


a 
I 
=) 
v 
io) 
l| 


- [ee 5 (9) o(6)] + 16’ (WI + lo (8) TF 


where o (s) = eae Sein OF 


Proposition 2.4 If the natural lift @ is a unit speed spacelike space curve with a spacelike 


binormal, then 


ei, 

[’ (s)]" — [r’ (s)] 
a2 || WI] « (s) o (s) 

= | eee) — «(s) o(s)| + [=o (s))? eae (s)) 

7 ~o (s)T (s)” — «(s) [a ee ()) 
ne eG a oe 
- [=e Weeden) _ 5 (5) 0(s)] + [-o" (8)? + Eo (8) 7 (8) 
where o (s) = « (s)r(s)+K(s)7 (s) 


«(s)||W|| ; 
Let a@ be a unit speed spacelike space curve with a spacelike binormal. Then the natural 


lift @ of a is a timelike space curve. 


Proposition 2.5 Let a be a unit speed spacelike space curve with a spacelike binormal and the 


natural lift @ of the curve a be a space curve with curvature K and torsion T. Then 


|W 
k (s) 


—K (s) 7 (s) + K(s) 7 (s) 
K(s) |W? 


R(s) = ,7(s) = 
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Proposition 2.6 Let a be a unit speed spacelike space curve with a spacelike binormal and the 


natural lift @ of the curve a be a space curve, then 


wetOry (= (5) (8) + x(9) 7 2) ee 
K(8) x(s) [IM 


Let X and X be two ruled surfaces which is given by 


X (s,v) =a(s)+vC (s), X (s,v) = @(s) + vC (s) 


Proposition 2.7 The striction curves of X and X are given by B(s) = a(s) — AC (s) and 
B(s) =a@(s) — uC (s), respectively. The distribution parameters of the ruled surfaces X and X 


det(a’,C,c’ _ aet(a" oz) 
are defined by Po = jer and Pa = a Then we have 
Cc 
y= -— O_o iy, 
[x (s)]}" + [r' (s)] 


(27 (s) + o (s)) Kk (s) ||W|| 


Nae ee ee Te. At pa awa ak 
[=a errtsdentede"(8)]" _ far (5) +0 (5))? + fo (8) 7 (s)P 
—K (8) coareaaee +K(s)o ()) +0(s)r(s) 
Po - 0, Po = , , 2 
| [Rese + (5) o(s)] = 27 (8) +0' (8)? + Io (8) 7 (9)P 
where o(s)=* STITH is), 


Let a be a unit speed spacelike space curve with a timelike binormal. Then the natural 


lift @ of a is a spacelike space curve. 


Proposition 2.8 Let a be a unit speed spacelike space curve with a timelike binormal and the 


natural lift @ of the curve a be a space curve with curvature K and torsion T.Then 


|W — 


_ =k (s)7(s) — 4 (s)7 (s) 
PCs oe : 


Mer. K(s) WIP 


Proposition 2.9 Let a be a unit speed spacelike space curve with a timelike binormal and the 


natural lift @ of the curve a be a space curve. 


(i) If the natural lift @ is a unit speed spacelike space curve with a spacelike binormal, then 


a 


aOR (= (s) (8) = e(s)7° 2) a 
r(s) (8) [WIP 
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(it) If the natural lift & is a unit speed spacelike space curve with a timelike binormal, then 


wary (Sereno) a 
K (s) x (s) ||| 


Let X and X be two ruled surfaces which is given by 


X (s,v) =a(s)+vC (s), X (s,v) = @(s) + vC (s) 


The striction curves of X and X are given by 3(s) = a(s) — AC (s) and B(s) = @(s) — 
uC (s),respectively. The distribution parameters of the ruled surfaces X and X are defined by 
det(a’,c,c') —_—— det (a, c) 


Po = ——— and Pg = ; 
Kea Ig 


Proposition 2.10 If the natural lift @ is a unit speed spacelike space curve with a timelike 


binormal, then 


A= eee ee |W, 
[r’ (s)]° — [K' (s)] 


(27 (s) +0" (s)) «(s) ||| 


Mie wen a een Be 
[ORT] + [ar (8) +0" (5))? — [a (8) 7 (8) 
7 (a) ( MOP — (5) 0(3)) +018) 766) 
Po =0, Pg= 


[HEHEHE — (5) 0(0)]' + Br(s) +0! (I? = Lo (6) 7(0)? 


where o (s) = SSE Gy ) 


Proposition 2.11 Jf the natural lift @ is a unit speed spacelike space curve with a spacelike 


binormal, then 


es de a SO yh 
[r’ (s)]° — [k’ (s)] 
(—27 (s) +0" (s)) «(s) [|| 
a EL a a a eT 
[-=srlo)teioir'o] + [-2r(s) +0’ (s)]° — [a (s) 7 (s)]? 
(a) ( MOE Wan OH) 4 (a) ea) ao 6) (8)? 
a pa ) 


[aed 4. (6) o(8)] + [27 (8) — 0! (8)? = [-0 (6) 7 (0)? 


_ & (s)r(s)+n(s)r (s) 


where a (s) KS) IW I 
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Example 2.1 Let a(s) = (28s, 4 cos (3s) , 4 sin (v3s) ) be a unit speed (timelike curve) 
timelike circular helix with 


T(s) = (4. _ sin (v3s) Boos (v%) F 
N(s) = (0, — cos (v3s) ,— sin (v3s)) ; 


B(s) = 2B, 8 an (v5), 28 os (vs) andk=1,7 =2, 
C(s) = (1,0,0). 


X (s,t) = (3. +t, ; cos (v3s) ; sin (ve) 


and 


Figure 1 


Example 2.2 Let a(s) = (cosh (=) ; Je sinh (=)) be a unit speed spacelike hyperbolic 
helix with 


- (on a) dee) 


mio = (wa(G) nan()), 
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and 


X (s,t) = (<ysinn (=) B = wat a — (7a) 


Figure 2 


Example 2.3 Let a(s) = (8s, 2 = cos (V3s) ,2 9 ain (v3s) } be a unit speed (spacelike curve 
with timelike binormal) spacelike circular helix with 


T(s) = (B-% ke in (v3s) , V5 cos (v3 x), 


N(s) = (0. — cos (v3s) ,— sin (v3s)) . 
B(s) = (33-¥ ee in (v3s) , YB cos (V3 »)) and «= 2,7=1 


Cis) = 71,0,0) 
X (s,t) = (eve — cos (v3s) = = sin (ve) ) 


and 


x (eh) = (2: = 5 8 n (v3s) 2 cos ( 3s) = =) 
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Abstract: The book graph denoted by Bn,2 is the Cartesian Product S,41 x P2 where 
Sn+1 is a star graph with n vertices of degree 1 and one vertex of degree n and P2 is the path 
graph of 2 vertices. Let Xn,, denote the generalized form of Book graph where a family of 
p cycles which are n in number, is merged at a common edge. The generalized flower graph 
is obtained by merging t copies of Xn, with a base cycle C; of length t at the common 
edges. The resultant structure looks like flower with petals. In this paper we discuss some 


properties satisfied by Tutte polynomial of this special graph and the related graphs. 
Key Words: Tutte polynomial, recurrence relation, flower graph. 


AMS(2010): 05C30, 05C99, 68R05. 


§1. Introduction and Preliminaries 


Tutte polynomial is a polynomial in two variables x,y with remarkable properties and it can 
be defined for a graph, matrix and more generally for matroids. Tutte polynomial is closely 
associated with many graphical invariants and in fact the following are the special cases of 
Tutte polynomial along particular curves of (a, y) plane. 

(1) The chromatic and flow polynomial of a graph; 

(2) The partition function of a Q-state Pott’s model; 

(3) The Jone’s polynomial of an alternating knot; 

(4) The weight enumerator of a linear code over GF(q); 

(5) The all terminal reliability probability of a network; 

(6) The number of spanning trees,number of forests, number of connected spanning sub- 
graphs, the dimension of bicycle space and so on. 

Tutte polynomial is widely studied for the reason that it provides structural information 
about the graph. 
Definition 1.1 (i) Let G = (V,E) be an undirected connected multi-graph. The Tutte polyno- 
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mial of the graph G is given by 


T(G,03) = 147 BG) =4 
xT (G.e,x,y) if e€ E and e is a cut edge; 
= yT(G-—e,xz,y) if e€ E ande is a loop; 
= T(G-—e,z,y)+T(Ge,x,y) if e€ E and e is neither a loop nor a cut edge. 


(it) If G is a disconnected graph with connected components G1,G2,--- ,Gy with t > 2, 
t 
then the Tutte Polynomial of G denoted by T(G, x,y) is defined as T(G, x,y) = [] T(Gi, x,y). 
i=1 


Tutte polynomial of some of standard graphs are given below. 


Theorem 1.2 Let T;,, be a tree on n vertices and let Cy, be a cycle on n vertices then 
(1) Wage aes x, y) = pens 
(2) T(Cn,2,y) ce Ss oe 


Theorem 1.3 Let G be a bi connected graph. Let u,v be two vertices in G such that u,v are 
joined by a path P*® of length s where degree of each vertex in P® is two except possibly for u,v 
then 

T(G)=(l+ae+a? +--+ ")7T(G — P*)+T(GP*). 


Proof Let e1,€2,-::es be the s edges in the path P*, then 
T(G) = T(G-e,)+T(Gej) 
= «2° '7(G— P*)+2° 9T(G— P*) +---2°-*T(G — P*) +T(G.P*) 
(G is bi— connected, e’ is not a bridge in G— G, — Gz--- — Gt_1) 
= (l+a+2?+---2°")T(G — P*)+T(G.P*). 


We study the Tutte polynomial of generalized Book graph. Cartesian product of two graphs 
G1,G2 denoted by G, x G2 is a graph with V(G x G2) = V(G1) x V(G2) and two vertices 
(u1, U1), (ua, v2) of Gy x G2 are adjacent if and only if either uy = ug and (v1, v2) is an edge in 
G2 or v1 = v2 and (t1, U2) is an edge of Gj. The book graph denoted by By,2 or simplyB,, is 
the Cartesian Product S41 x Po where S,,+41 is a star graph with n vertices of degree 1 and 
one vertex of degree n and P2 is the path graph of 2 vertices. It can be observed that book 


graphs are planar. Some book graphs and their planar representation are given below. 


EZ lA a 


Figure 1 Book graph By, , Bs and their Planar representation 
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We make a generalization of this graph. Through out this section T(G,z,y) = T(G) 
denotes the Tutte polynomial for the graph G. We make use of the following notation. Xn ,p 
denote a graph with n number of p-cycles with a common edge e = xy and let Yn» = Xn p — € 
and Zn» = Xn, p.e. Note that Zp is actually a graph with n number of p — 1 cycles with a 


common vertex. 


Figure 2 X35 , X53 X26 


Thus B, = Xp, is a particular case of the graph we have defined which we call as gener- 
alized book graph. We first arrive at some recurrence relation satisfied by these graphs. Before 


we prove the relations satisfied by these graphs we will prove some preliminary results. 


Notations and Conventions 1.4 


(1) Let G; and G2 be two disjoint graphs each of them having a unique identified vertex. 
The graph obtained by merging an identified vertex of G; to an identified vertex of G2 is 
denoted by Gy x Go. 


(2) Let Gi, G2 be two disjoint graphs each of them having two designated vertices namely 
x,y and x’, y’. The graph obtained by merging the identified vertex x with x’ and the vertex y 
with y’ is denoted by G, * Go. 


(3) Let G be a graph with an identified vertex v. The graph obtained by taking n copies 
of G and joining all the copies at the identified vertex v is denoted by G™. 


(4) Let Gi,G be two disjoint graphs each with two identified vertices x,y and w’,y/’ 
respectively. Let zy € E(G) and 2’'y’ € E(G’). The graph obtained by merging the two 
vertices z,x’ and y,y’ and the edges zy and z’y’ to a single edge is denoted by G1 © Go. 


Proposition 1.5 G be a graph which can be expressed as G = H x P, where P, is a tree of 
order 1+1, then T(G) =2'T(H). 


p-l i 
Proposition 1.6 Tio) =2(C,)2 = E +> | : 
k=1 


p-l 
Proof Induction on n. Forn = 1,T(Cp) = y+ >> x* by Theorem 1.2. Let v be the identified 
k=1 


vertex. Assume that the result is true for n — 1. Let G = Ch”). Note that Of) =O) x C,. 
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Let e be any edge adjacent to v. By recurrence relation 


T(G) = T(G-e)+T(Ge) 
= PRICY Pi EET (OUCH Con) 
a ge iTiCn=D) fe: Tee» Opa) 
= PIP) 4 7T(0P- x Pra) TCP x Cp-0) 
= a TCD) + oP PT(CL-YD) + T(CL-Y x Cy_2) 
by using Proposition 1.5 


as (aP—+ yP-? als z)r(o"») oh riage”) . an 
= (a 40h 7 4---4a)T(CL-Y) + yT (CL) as C, is a loop 
se eh gh gh Ft he y)T(C&-) 


n-1 


p-l p-l ic 
rs Se | 
k=1 k=1 


p-l 
y+) oc" 
k=1 


§2. Tutte Polynomial of Generalized Book Graph 


Theorem 2.1 Let Xn, denote a graph with n number of p-cycles with a common edge e = xy 
and let Yn» = Xnp — € then, 


Xnp and Yn» satisfy the following recurrence relations 
(i) T(Xnp) =T(¥np) + T(Cp-1)”; 


p—2 
(it) TYnp) = b | T(Yn—-1p) +T(Xn-1,p) for n > 2 with T(Yip) =a? }. 
k=1 


Proof (i) e is neither a loop nor a cut edge and hence using recurrence relation of Tutte 


polynomial 


T(Xnp) = T(Xnp—e)+T (Xn p-e) 
Tino tC ST a) PT Cay 


I 


using Proposition 1.6. This proves (1). 


(ii) Clearly, Y\,, = a path of length p— 1 and hence T(Y1,,) = x?~'. We prove this result 
by induction on n. 


For n = 2, T(Y2,») = T(Y2» — e') + T(Yo,p.e’) where e’ is any edge of Y2,, adjacent to x 
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other than e. 


T(Y2p) = 2? ?T (Yip) + T(Yip * Pp_2) 
= a ?T (Yip) +2” 2T(Vip) + T(Y1p * Pp-s) 
= 2? ?T (Yip) +2? 3T (Vip) +-°° + 2T (Yip) + T(¥1p * P1) 


p—2 
=: | ee 
k=1 


which proves the result for n = 2. 


Yip) +T(X1p), 


Assume that the result is true for a graph Y,-1,». Consider Y,,,, and let e’ is any edge of 


Yn—1,p adjacent to x other than e. Then, 


T(Ynp) =T(Yn-1p — &') + T(Yn-1,9-€) 
=P T(V 14) - Tne Pps) 

) 

) 


=F TY ig) te TY ap) + TA eh p8 
= 2? ?T(Y¥n—1p) +2? PT (Yn—1p) +2°° + a ip) + T(Yn-1,p * Pa 


=|Sa']r 


Yn— l,p y+ T(Xn-1,9), 


which proves the result for n > 2. 


n-2 
Theorem 2.2 (i) T(Ynp») = 0" ~ta?-t + & be(b+y— | for n> 2; 


k=0 
n-2 p-—2 
(i) T(Xnp) = db -taP- t+ b be(b+y— | + (b+y—1)”, where b= >> x* for 
k=0 k=0 
n> 2. 
Proof By Theorem 2.1, 
p—2 
T(Ynp) = a T(Yn-1p) + T(Xn-1,) 
k=1 
p—2 
os bs a T(Yn-1,p) ais T(Yn-1,p) = T(Cp-1)"* 
k=1 
p—2 
a en T(Yn-1,p) as repay 
k=0 


OT Yncig) tT): 


I 


Note that T(Cp-1) = v?-? + aP-3 +.--+a+y=b+y-—1. We solve the recurrence 
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relation, 


T(Y4,p) = 
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—1 


phe 


bT (Yip) + T(Cp-1) 


ba?—1 + (y+b—1) = be? 1 + 


bT (Y2,p) =f T(Cp-1)? 
b’aP! + BT (Cp_1) + (y+ b- 1)? 
ba? 1 + b(y + b— 1) + (y+ b—1)? 


ab So oF (b+y- Leen 


BT as oF (Gat)? 
beaP! + b°T(Cy_1) + OT (Cy_ 
boa?! + b(b+y —1)4 


p3- 1p 1 


iy” + T(Cp_1)° 
b(b+y — 1)? +(6+y 


bo ght 


4-2 
So oK(b+y- oe 
k=0 


Assume that by induction 


1)? 


+ [rota Vaal 


DM cg) Oa Qe age a Shoe e, 
k=0 
T(Yn,p) = bT'(Yn—-1,p) + IOp Ay 
= {ator + y Pie ie +(b+y—1)""? 
k=0 
= ole?) 4 bf(bt+y—1)"? +b(b+y—1) 3 +--- +0" 3) 4+ (o4+y 
= 1g?) 4+ (6+y—-— 1) 1+0(6+y—1)" 7 4 tb" 2(b-+y— 1) 
= pr-typ-ly Somos pon 
k=0 
This completes the proof of (i). 
T(Xnp) T(Ynp) + (6+ y—1)” 
ame ame © Shot y—1)y-**| + (6+y—1)", 
k=0 


which completes proof of (iz). 
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Remark 2.3 For n=1, 


T(Xnp) = T(Cp) 
= oP par 4+... + a+ ye?! + (b+y—-1), 


which matches with the Theorem 2.2 


An equivalent representation of Tutte polynomial for generalized book graph is the follow- 
ing. 


n-1 
Theorem 2.4 T(X,,») = xb" + Ss b*(y +b- in| y 
k=0 
Proof By Theorem 2.2, 
L(G) = bP tgPo hy 


n—2 
So oF(b+y—1)"**| + (b+ y-1)" < 
k=0 


—1 
eee ey ee 
x—1 


x?) = b( —1)+1=br—b+1 
=> gP-1—"-! = (bg —b +1)" 1 = od” — 0" + OPI” 


4 


n—2 
T(Xnp) = 2b” —b +r} Sotosyye +(b+y-1)” 
k=0 


= 2b" —b"+0"" + (b+ y— 1"? 4 bb+y-—1)" 7 +~-- 
+b"-7(6 + y— 1) + (b+ y— 1)”. (*) 


Now consider 


ab” + Stee ers y 
k=0 
= ab" +y[(ytb—1)" 14+ do(ytb—1)"7 +--+. 40" 1] 
= xb" + (ytb—1-(b-1)) [(ytb-1)™ 1+ byto—1)" 7 4--- +0" 4] 
= xb" + (y+b-1) [(y+b—1)"* + by t+b-1)7-7 +--+. +0" ] 
—(b- 1) [(y+b—-1)" 1+ db(y+b-1)" 7 4---4+0" 4] 
= ab" + [(y—b-1)"+d(y—b4+ 1)" 1 4--- +0" (ytd—-1)] 
b([(y+b—1)""'+o(y+b—1)""? 4 + br] 


36 Nithya Sai Narayana 


= 2b? + (y+b—1)" +d(y+b—1)" 1 +--+ + (y+b—1)0"? 

bay RBH ESOS HD) Se by 8 
+(ytb—-1)" 1 +d(y+b-1)" 7 4---+0" 2(y+b—-1) +0" 

= 2b" + (yt+b—1)"—b" 4+ (ytb—-1)™ 1+ d(y+b-1)"7+--- 
+b"-7(y+b—1) +8771. (x) 


From (*) and (**) we get 


T(Xnp) = 2b" + yy +b iam 


§3. The Generalized Flower Graph 


The generalized flower graph is obtained by merging X7,,, at each of the edge of a basic cycle of 
length t. We define the generalized complete flower graph and generalized Flower graph with 
k petals. 


Definition 3.1 (2) A graph in which i copies of Xn,» is taken and is merged with any of the i 
out of t edges of the base cycle Cy of oe t where, 1<i<t-—1 is called a generalized flower 
graph with 1 petals and is denoted by Go de 

(it) A graph obtained by taking a base cycle C, of length t and t copies of Xn,» and merging 
the two graphs at the common edge of Xn,p with each of the edge of the basic cycle C;, is referred 
to as Generalized Flower Graph or Generalized Complete Flower graph and is denoted by Gn,p,t- 
In fact G = Gl 

n,p,t n,p,t* 

(itt) The graph obtained by taking i copies of Xn» with each of the cycle containing a 
designated edge and joining the i copies at the end vertices of the designated edges is denoted 
by HS. 


Figure 3 Generalized complete flower graph G2,4,5 and flower graph co ‘46 
with 3 petals and generalized flower graph with one petal 


Theorem 3.2 Let Xn.) has the common edge e. Let ese pt be the generalized flower graph with 
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one petal. Then, 


TGQ) ,)= (Lt ate? +. +0°?)P(Xnp) + yy tb- 1". 


Proof Let e; be any edge on C; other than e. By deletion contraction formula we get 


T(Gn,p,t) a ame! 6. er) Tr T(Gn,p,t-1) 
= x ?T(Xnp) + 2° 3T (Xap) ++ + 2T (Xn) + T(Gnip,2) 
= (eta? +---+20°-?)T(Xnp) +T(Xnp) + yT (C1) 
= (ltata?+---t2a°?)T(Xap) + y(ytb- 1)", 


which completes the proof. 


Corollary 3.3 T(Gnp,p) = b"2"-1 + YD (b+ y—1)™*¥ + (yt b—-1)™"! 
k=1 


Proof By Theorem 2.5 taking p = t we get 


T(Gnpp) = (tata? +---+2?-7)T(Xnp) + y(y + 6-1)” 
n—-2 
a sata So ok(b+y—1)7t* t(b+y vr} + y(y+b—1)” 
k=0 
n—-2 
= bMgPt+ - ial (cee el aa z) bdb+y—-1)"+y(y+b—-1)” 
k=0 
n—-2 
= beget bE+2 (b+ y —1)"- = b+y)(b+y— 1)” 
k=0 
n—-2 
= bert + bs bP (b+ y —1)"- “| b+y—1+4+1)(y+b-1)” 
k=0 
n—-2 
= bMgPt + emery ae =| b+y—1)"+(y¥+b-1)""" 
k=0 
= ba?-14bb4+y—1)?'4+RP(b+y—1) 7? 4+--- +5" (64+ y-1) 


H(b+y—1)"+(b+y—1)""! 


bre! 4 » ciate ta spi= Leo a (y R= ere. 
k=0 


I 


Lemma 3.4 Let u,v be two vertices of a graph G which are joined by n disjoint paths of length 
p—1, namely P,, P2,--- Py such that degree of each of vertices in P,, P2,--- Py other than u,v 
is 2 in G and removal of these n paths does not disconnect u and v, then 


T(G) = b"T(G") + T(G), 


n—1 
S- ry thoi i 
k=0 
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where G" is obtained from G by removing the n disjoint paths of length p—1 between u,v and 
identifying u,v and G” is the graph is obtained by removing the n disjoint paths of length p—1 
from G. 


Proof Using Theorem 1.3, T(G) = bT(G — Pi) +T(G.P,). But 


T(G.P\) =T(CR x G’) = (y+ b- 1)" "T(C’). 


T(G) = bT(G-—Pi)+(yt+o-1)" 'T(G) 
= b|bT(G—P,— Po) +(y+b—-1)" °T(G)| +(ytb-1)" 'T(G) 
= T(G—P,—P.)+[b(y+b-1)"? + (yt+b-1)""'] TG’) 
= OT(G—P,— P.— Ps) + [P(y+b—1)" 3 + (y+ b-1)"? 
+(y+b-1)"""] T(G’) 


= b"T(G— P, — Po-- Py) + [b"(y+b—1)° +b" 2(ytb-1)'+--- 
+b(y +b—1)""? + (y+ b—1)""'] T(G’) 


= b"T(G") + T(G’), 


n-1 
So oF(y+b-1)7-** 
k=0 


which completes the proof. 


From the above theorem we get another method of proving Theorem 2.4. 
n-1 
Corollary 3.5 T(Xn,») = xb" + | > DK(y+b—-—1)"-F*| y. 
k=0 


Proof Applying Lemma 3.5 to Xn,,we get G” = Ky and G’ = a single loop so that 
T(G") =a , T(G’) =y and we obtain the result. 


Theorem 3.6 Let HS, denote a graph obtained by taking i copies of Xn,» and joining it at a 
common vertex in succession. Then, HY, SP Rag hls 


Proof Let e = wv be the common edge of the i” copy of Xn,p. If G” is the graph obtained 
by removing the n distinct paths of length p—1, then the resultant graph is a graph obtained by 
joining the i—1 copies of X,,,, with edge e = uv at the vertex u and hence T(G”) = aT (Hes). 
If G’ is obtained by removing n disjoint paths of length p — 1 between u,v and identifying u 
and v then, T(G’) = yT (He5). Thus using Lemma 3.4 
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Figure 4 He, graph G” and G’ segregation 


n-1 
T(HY,) = ad°T(HES”) +y | >) okyt+o-)*** | THEY) 
k=0 
n-1 ; 
= {0 +y]5_b%yt+o-1)7** ! TH”) 
k=0 


[T(Xnp)] THN”) 
= Fee THe), 


[T(Xnp)]"! TCHR) = (P(Xnp)l T(Xn,p) = [T(Xn.)'] 


Corollary 3.7 Let G denote a graph obtained by taking i copies of Xn,» and t copies of K2 


and joining it in succession in any order then, 
T(G) = 2'T(HE)) = 2° [T(Xnp)I- 
Theorem 3.8 Let Gn», denote a graph obtained by taking t copies of Xn,» and taking © 


product with C;, in succession, then 


t—2 
T(Gnpt) = bo” S_(" + ay)*(b"x + ay) 1 
k=0 
+(b" + ay)’ 7ay(b + y — 1)” + (b" + ay)’ 7y(b + y — 1)", 


n-1 
where a = b be(y+b— | : 
k=0 
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Proof Let G” be the graph obtained by removing n distinct paths of length p— 1 between 
the two vertices which are end points of common edge e of any copy of Xn,» on the cycle C; 
and let G’ be the graph obtained by removing n distinct paths of length p— 1 as described for 
G” and identifying the two end vertices of e in C;. Then by Lemma 3.4. 


Figure 5 G4 graph G” and G’ segregation 


T(Gnp,t) = b"T(G") + aT(G’), 


n—-1 
where a@ = | > DF(y+b—1)"-1-*|. Also using deletion contraction formula of Tutte polyno- 
k=0 


mial T(G") = yT(Gnpt-1) and 
T(G") = T(H&SY) + T(Gnpt-1) = T(Xnp) | + T(Gnpt-1) 


from Theorem 3.6. But by Corollary 3.5, 


T(Xn,p) = 2b" + 


n-1 
S- be(y+b—1)"-1-* | y = be + ay 
k=0 


Thus, T(G”) = (6x + ay)'~! + T(Gnpt-1) and 


T(Gapi) = b"(b°a+ay 
yi) + (8 + ay) T(Grpaca) 


( )* +" T(Gnpt-1) + ayT (Gn,p,t-1) 
( ) 

= b"(b"x + ay)'! + (b" + ay) [b"(b"x + ay)? + (b" + ay)T (Gnip,t—2)] 
( ) 
( ) 


*~h +b" ("x + ay)—7(b" + ay) + (b" + ay)?T (Gn,p,t-2) 
14 2 + ay)!" + ay) 

+(b" + ay)? [b"(b"x + ay)? + (b" + ay)T(Gn,pt-3)]| 

= b'(b"a + ay)? +" (b"ax + ay)7(b" + ay) 

+b" (bx + ay)’—3(b" + ay)? + (b” + ay)? T(Gn,p,t-3) 


Al 
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= b"(b"2+ ay)! + b"(b"x + ay) ?(b" + ay) 
+6" (b"x + ay) 9 (b" + ay)? +--+ + (0" + ay) ?T (Gn pt—(t-2)) 
= b'(b "2+ ay)! + b"(b"x + ay)*2(b” + ay) +b" (b" a2 + ay) 3(b" + ay)? 
apie Sah b” + ay)**T (Gnp,2)): 
But 
T(Gnp2) = oT (Xnp) +ay(b+y-1)"+y+y-1)" 
b'(b"a + ay) + ay(b+y—1)"+y(b+y—1)" 
Thus 
T(Gnp,t) = b"(b"2 + ay) +b" (bx + ay)’ 2(b" + ay) 
+b" (b" x + ay)? 3(b" + ay)? ee +b"(b" x + ay)?(b" + ay)'3 
+(b" + ay)? [b"(b"a + ay) + ay(b + y— 1)" + y(b+y—-1)?"] 
aa b" (ba + ay)?! + b"(b" x + ay)*2(b" + ay) 
+b"(b" x + ay) 3(b" + ay)? rape 
+b" (ba + ay)?(b" + ay)? + 0" (b" x + ay)(b" + ay)? 
+(B" + ay) ay(b + y — 1)" + (0" + ay)"*y(b + y — 1)" 
t-2 
= >” Soo" + ay)*(b"a + ay)’ 1-* 
k=0 
+(b" + ay)’ ay(b + y — 1)" + (0" + ay) *y(b + y — 1) 
which completes the proof. 
« . i-2 . 
Theorem 3.9 ney. 1) = (1tat-:-+at*1)(b"2+ay)' +b” > (O" +ay)*(b"z+ay) 1 -F + 
k=0 
(b" + ay)’ 2ay(b + y — 1)” + (b" + ay)*~2y(b + y — 1)?”. 


Proof In Ge ‘pt there are t—i sides of C; without petals. Let e be any side of ee! “pt Without 


petal. Clearly e is neither a loop nor a bridge. Applying deletion and contraction formula 


G04 =e ray) a) 

Sa T(E) at tre) FTG, ea) 

= (a im 14 gi- i- ge ee aa eG (A ))+ (cee ee ») 

= (tate +e )7(HO, +7(G®, ,) 

= (l+24 a") T (Xe) + T (Gap) 
i—2 

= (l+24 at 1)(b"2 + ay)! +b” 5 ("+ ay)*(b"2 + ay) 1 
k=0 

(b" + ay)’ *ay(b + y — 1)" + (6" + ay) 2y(b + y — 1)?” 
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§4. Conclusion 


Tutte Polynomial has been an open topic for research for mathematicians for the last 30 years. 
It is a two variable polynomial which reduces to many graph polynomials associated with the 
graph. It gives various information about the graph like the number of spanning trees, number 
of cyclic orientations not resulting in oriented cycles and colorability of graphs. 

In this research paper, Tutte polynomial of many specialized graphs have been studied in 
detail. The properties and Tutte polynomials of , generalized Book graph, Generalized Book 
graph with petals, Complete Generalized Book graph have been arrived at which in turn reveal 


various other related information by substituting appropriate values for the two variables. 
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Abstract: The entire equitable dominating graph EE,D(G) of a graph G with vertex 
set V US, where S is the collection of all minimal equitable dominating sets of G and two 
vertices u,v € V US are adjacent if u,v are not disjoint minimal equitable dominating sets 
in S or u,v € D, where D is the minimal equitable dominating set in S or u € V and v is 
a minimal equitable dominating set in S containing u. In this paper, we initiate a study of 
this new graph valued function and also established necessary and sufficient conditions for 


EE,D(G) to be connected and complete. Other properties of EE,D(G) are also obtained. 


Key Words: Dominating set, equitable dominating set, entire equitable dominating graph, 


Smarandachely dominating set. 
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§1. Introduction 


All graphs considered here are finite, undirected with no loops and multiple edges. We denote 
by p the order(i-e number of vertices) and by gq the size (i.e number of edges) of such a graph 
G. Any undefined term and notation in this paper may be found in Harary [5]. 

A set of vertices which covers all the edges of a graph G is called verter cover for G. 
The smallest number of vertices in any vertex cover for G is called its vertex covering number 
and is denoted by ao(G) or ao. A set of vertices in G is independent if no two of them are 
adjacent. The largest number of vertices in such a set is called the vertex independence number 
of G and is denoted by (o(G) or 89. The connectivity k = «(G) of a graph G is the minimum 
number of vertices whose removal results a disconnected or trivial graph. Analogously the edge- 
connectivity = (G) is the minimum number of edges whose removal results a disconnected 
or trivial graph. The diameter of a connected graph is the maximum distance between two 
vertices in G and is denoted by diam(G). If G and H are graphs with the property that the 
identification of any vertex of G with an arbitrary vertex of H results in a unique graph (up to 
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isomorphism), then we write as Ge H for this graph. 

A subset D of V is called a dominating set of G if every vertex in V — D is adjacent to 
at least one vertex in D. The domination number y(G) of G is the minimum cardinality taken 
over all minimal dominating sets of G. (See Ore [12]). 

A subset D of V is called an equitable dominating set if for every v € V — D, there exists a 
vertex u € D such that wv € E(G) and |deg(u) — deg(v)| < 1. The minimum cardinality of such 
a dominating set is called the equitable domination number of G and is denoted by 7°(G). For 
more details about graph valued functions, domination number and their related parameters we 
refer [1-4, 6 - 10, 12]. The opposite of equitable dominating set is the Smarandachely dominating 
set with |deg(u) — deg(v)| < 1 for Vuv € E(G). 

The purpose of this paper is to introduce a new graph valued function in the field of 
domination theory in graphs. 


§2. Entire Equitable Dominating Graph 


Definition 2.1 The entire equitable dominating graph EE,D(G) of a graph G with vertex set 
VUS, where S is the collection of all minimal equitable dominating sets of G and two vertices 
u,v € VUS adjacent if u,v are not disjoint minimal equitable dominating sets in S or u,v € D, 
where D is the minimal equitable dominating set in S oru € V and v is a minimal equitable 


dominating set in S containing u. 


In Fig.1, a graph G and its entire equitable dominating graph EE,D(G) are shown. Here 
D, = {1,3}, Do = {1,4}, D3 = {2,3} and D4 = {2,4} are minimal equitable dominating sets 
of G. 


Fig.l 


§3. Preliminary Results 


The following will be useful in the proof of our results. 


Theorem 3.1([5]) For any nontrivial graph G, ag + 85 =p=ait fr. 


Theorem 3.2([5]) A connected graph G is Eulerian if and only if every vertex of G has even 


degree. 
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§4. Results 


First we obtain a necessary and sufficient condition on a graph G such that the entire equitable 
dominating graph EE,D(G) is connected. 


Theorem 4.1 For any graph G with at least three vertices, the entire equitable dominating 
graph EE, D(G) is connected if and only if A(G) < p—1. 


Proof Let A(G) < p—1 and u, v be any two vertices in G. We consider the following 


cases: 


Case 1. Ifu and v are adjacent vertices in G, then there exist two not disjoint minimal equitable 
dominating sets D; and D2 containing u and v respectively. Therefore by the definition 2.1, u 
and v are adjacent in HE, D(G). 


Case 2. Suppose there exist two vertices u € D,; and v € Deg such that u and v are not 
adjacent in G. Then there exists a minimal equitable dominating set D3 containing both u and 
v and by definition 2.1, D; and D2 are connected in EE,D(G). 


Conversely, suppose EE,D(G) is connected. Suppose A(G) = p— 1 and uw is a vertex of 
degree p— 1. Then the degree of u in EE, D(G) is minimum. If every vertex of G has degree 
p—1, then every vertex of G forms a minimal equitable dominating set. Therefore EE,D(G) 


has at least two components, a contradiction. Thus A(G) < p—1. 


Proposition 4.1 EE,D(G) = pk2 if and only if G = K,;p > 2. 


Proof Suppose G = K,;p > 2. Then clearly each vertex of G will form a minimal equitable 
dominating set. Hence by definition 2.1, EE,D(G) = pK. 

Conversely, suppose EE,D(G) = pK2 and G # K,. Then there exists at least one minimal 
equitable dominating set D containing two vertices of G. Then D will form C3 in EE,D(G), a 


contradiction. Hence G = K,;p > 2. 


Theorem 4.2 For any graph G, EE,D(G) is either connected or it has at least one component 
which is Ko. 


Proof If A(G) < p—1, then by Theorem 4.1, EE,D(G) is connected. If G is complete 
graph K,;p < 2 and by Proposition 4.1, then each component of EE,D(G) is Ko. 

Next, we must prove that 6(G) < A(G) = p—1. Let v1, v2,---, Un be the set of vertices in 
G such that deg(v;) = p—1, then it is clear that {v;} forms a minimal equitable dominating set 
and which forms a component isomorphic to Kk. Hence EE, D(G) has at least one component 
which is Ko. 


In the next theorem, we characterize the graphs G for which EE,D(G) is complete. 
Theorem 4.3 EE,D(G) = Kp+2 if and only if G is Kyp;p > 3. 


Proof Suppose G = K1,p;p > 3. Then there exists a minimal equitable dominating set D 
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contains all the vertices of G i.e |D| = |{u, v1, v2, v3,--+ , Up}| =ptl. Hence EE, D(G) = Kp +2. 

Conversely, EE,D(G) = Ky+2, then we prove that G is K1,,;p > 3. Let us suppose that, 
G # Ki»;p > 3. Then there exists a minimal equitable dominating set D of cardinality is 
maximum p i.e |D| = |{v1, v2, v3,--: , Up}| = p, a contradiction. Therefore G must be Ky»; p > 
3. 


Theorem 4.4 Let G be a nontrivial connected graph of order p and size q. The entire equitable 


dominating graph is a graph with order 2p and size p if and only if G= K,;p = 2. 


Proof Let G be a complete graph with p > 2, then by Proposition 4.1,G = K,; p> 2. 
Conversely, suppose EE,D(G) be a (2p,p) graph. Then pic is the only graph with order 


2p and size q. 


In the next results, we obtain the bounds on the order and size of HE, D(G). 


Theorem 4.5 For any graph G, 2p <p! < peat) +1, where p’ denotes the number of vertices 


in EE,D(G). Further, the lower bound is attained if and only if G is either Py or Ky;p > 2 
and upper bound is attained if and only if G is K3U Ko, K3e Kg or CyUu Ky. 


Proof The lower bound follows from the fact that the twice the number of vertices in G 
and the upper bound follows that the maximum number of edges in G. 

Suppose the lower bound is attained. Then every vertex of G forms a minimal equitable 
dominating set or every vertex of G is in exactly two minimal equitable dominating sets. This 
implies that the necessary condition. 

Conversely, suppose G is Py or Kp;p > 2. Then by definition of entire equitable dominating 
graph, V(EE,D(G)) = 2p. If the upper bound is attained. Then G must be one of the following 
graphs are K3U Ko, K3e Ko or CyU Ky. 

If G = K3 VU Ko, then every vertex of G is in exactly two minimal equitable dominating 
sets hence 

V(EE,D(G)) = vp) +1=41 

Suppose G = K3 eK». Then the pendant vertex of G is in all the minimal equitable 
dominating sets and forms (p — 1) minimal equitable dominating sets. Therefore the upper 
bound holds. 

Now if Gis CyU K,. Then every equitable dominating sets contains an isolated vertex and 
they are not disjoint sets and by definition 2.1. Therefore upper bound holds. 

Conversely, suppose G is one of the following graphs K3 U Ko, K3 e K2 or CyU Ky. Then 
it is obvious that V(EE,D(G)) = 22» +1. 


Theorem 4.6 For any graph G, p<q' < prt) +1, where q’ denotes the number of edges in 


EE,D(G). Further, the lower bound is attained if and only G = K, > 2 and the upper bound 
is attained if and only if G is K3U Ky. 


Proof The proof follows from Theorem 4.5. 
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In the next result, we find the diameter of EE,D(G). 


Theorem 4.7 Let G be any graph with A(G) < p—1, then diam(EE,D(G)) < 2, where 
diam(G)) is the diameter of G. 


Proof Let G be any graph with A(G) < p—1, then by Theorem 4.1, EE, D(G) is connected. 
Let u,v be any arbitrary vertices in EE,D(G). We consider the following cases. 


Case 1. Suppose u,v € V, u and v are nonadjacent in G. Then there exists a minimal 
equitable dominating set containing u and v and by definition 2.1, dgg, pia) (u,v) = 1. Ifu and 
v are adjacent in G and there is no minimal equitable dominating set containing u and v, then 
there exists another vertex w € V which is not adjacent to both u and v. Let D,; and D2 be 
two minimal equitable dominating sets containing (u, w) and (w,v) respectively. This implies 
that dgE,D(G)(U, v) S72: 


Case 2. Suppose u € V and v € S. Then v = D is a minimal equitable dominating set of 
G. Ifu € S, then u and v are adjacent in EE,D(G). Otherwise, there exists another vertex 
w € D. This implies that 


dmE,D(a) (u,v) < dzz,p(a)(u, w) + dre, D(a) (w,v) = 2. 


Case 3. Suppose u,v € S. Then u € D, and v € Dz are two minimal equitable dominating 


sets of G and by Definition 2.1, dgz, nia) (u,v) = 1. 


We now characterize graphs G for which SE,D(G) = EE,DG. A semientire equitable 
dominating graph SE,D(G) of a graph G is the graph with vertex set V US and two vertices 
u,v € VUS adjacent if u,v € D, where D is a minimal equitable dominating set or u € V and 
v = D isa minimal equitable dominating set containing u ((1)). 


Proposition 4.2([3]) The semientire equitable dominating graph SEqD(G) is pK» if and only 
if G= Ky ; p> 2. 


Remark 4.1((3]) For any graph G, SE,D(G) is a subgraph of EE, D(G). 


Theorem 4.8 For any graph G, SE,D(G) C EE,D(G). Further, equality G, SE,D(G) = 
EE,D(G) if and only if G has exactly one minimal equitable dominating set containing all 
vertices of G. 


Proof By Remark 4.1, SE,D(G) C EE,D(G). Suppose SE,D(G) = EE,D(G). Then by 
Theorem 4.3, D is the only minimal equitable dominating set contains all the vertices of G. 
Therefore G must be Ky,,;n > 3. 


The converse is obvious. 


In the next results, we discuss about ag and {fo of EE,D(G). 


Theorem 4.9 For any graph G with no isolated vertices, 


(1) ap (EE, D(G)) =|S|+1, where S is the collection of all minimal equitable dominating 
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sets of G; 
(2) 6o(EEgD(G)) = 7(G). 
Proof (i) Let G be graph of order p. Let S = {51, 82,---s;} be the set of all minimal 


equitable dominating sets. Then by definition 2.1 and Theorem ??. Therefore the minimum 
number of vertices in EE,D(G) which covers all the edges. Hence ag(EE,D(G)) = |S| + 1. 


(it) By definition of EE,D(G), for any vertex v; ; 1 <i < p of EE,D(G) are not adjacent. 
Hence these vertices forms a maximum independent set of EE,D(G). Hence (i) follows. 


In the next two results, we prove the vertex connectivity and edge- connectivity of EE, D(G). 


Theorem 4.10 For any graph G, K(LE,D(G)) = min{min(degne, D(a), <:<p, i), MN <j<n|95|}, 


where S;’s is the collection of all minimal equitable dominating sets of G. 


Proof Let G be any graph with order p and size g. We consider the following cases. 


Case 1. Let u € vi(EE,D(G)) for some 7, having the minimum degree among all vj in 
EE,D(G). If the degree of u is less than any other vertex in HE,D(G), then by deleting the 
vertices which are adjacent to u, results a disconnected graph. 


Case 2. Let v € S; for some j, having the minimum degree among all $;’s in EE, D(G). If 
degree of v is less than any other vertex in EE,D(G), then by deleting all the vertices which 


are adjacent to v. This results the graph is disconnected. Hence the result follows. 


Theorem 4.11 For any graph G, (A BE,D(G)) = min{min(degne,p(G)<:<, Vi), MiN1<j<n|55lf, 
where S;’s is the collection of all minimal equitable dominating sets of G. 


Proof Let G be any (p,q) graph. We consider two cases. 


Case 1. Let u € u;(FE,D(G)), having minimum degree among all v; in EE,D(G). If the 
degree of u is less than any other vertex in EE, D(G), then by deleting those edges of EE, D(G) 
which are incident with u, results a disconnected graph. 


Case 2. Let v € S;, having the minimum degree among all vertices of S;. If degree of v is 
less than any other vertex in EE,D(G), then by deleting those edges which are adjacent to v, 


results in a disconnected. Hence the result follows. 


Next, we prove the necessary and sufficient condition for EE,D(G) to be Eulerian. 


Theorem 4.12 For any graph G, EE,D(G) is Eulerian if and only if one of the following 


conditions are satisfied: 


(1) There exists a verter u € V is in all minimal equitable dominating sets and cardinality 
of every minimal equitable dominating set D of G is even; 
(2) Ifv € V is a vertex of odd degree, then it is in odd number of minimal equitable 


dominating sets, otherwise it is in even number of minimal equitable dominating sets of G. 


Proof Suppose A < p—1 and by Theorem 4.1, EE, D(G) is connected. Suppose EE, D(G) 
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is Eulerian. on the contrary if condition (i) is not satisfied, then there exists a minimal equitable 
dominating set contains odd number of vertices and does not contains a vertex of odd degree, 
a contradiction. Therefore by Theorem 3.2, EE,D(G) is Eulerian. Hence condition (1) holds. 

Suppose (2) does not hold. Then there exists v € V of even degree which is in odd number 
of minimal equitable dominating sets, a contradiction. Hence (ii) hold. 


Conversely, suppose the conditions (1) and (2) are satisfied. Then every vertex of EE, D(G) 


has even degree and hence EE, D(G) is Eulerian. 


§5. Domination in EE,D(G) 


We calculate the domination number of EE,D(G) of some standard class of graphs. 


Theorem 5.1 For any graph G with no isolated vertices. 


(1) IfG=Kp;p > 2, then y(BE,D(Kp) =p; 
(2) IfG= Ki »;p > 3, then y(EE,D(K1p) = 1; 
(3) If G=Cp, p> 3, then y(EE,D(C,) =2. 


Theorem 5.2 For any graph G, y(EE,D(G)) =1, if and only if G is Ky»; p > 3. 


Proof If G is Kiy»;p => 3, then there exists a minimal equitable dominating set D con- 
tains all the vertices of G and by Theorem ??, it is clear that, EE,D(G) is complete. Hence 
+(BE,D(G)) = 1. 

Conversely, suppose y(LE,D(G)) = 1 and G # K,;p > 3. Then there exists a mini- 
mal dominating set D in EE,D(G) of cardinality greater than or equal to 2, a contradiction. 
Therefore G must be Ky,;p > 3. 


We conclude this paper by exploring one open problem on EE, D(G). 


Problem 1. Give necessary and sufficient condition for a given graph G is entire equitable 


dominating graph of some graph. 
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Abstract: A radio mean labeling of a connected graph G is a one to one map f from the 
vertex set V (G) to the set of natural numbers N such that for each distinct vertices u and 
v of G, d(u,v) + [eo | >1+diam (G). The radio mean number of f, rmn(f), is the 
maximum number assigned to any vertex of G. The radio mean number of G, rmn(G) is 
the minimum value of rmn(f) taken over all radio mean labeling f of G. In this paper we 
find the radio mean number of Jelly fish, subdivision of jelly fish, book with n pentagonal 
pages and (Kin: m). 


Key Words: Radio mean number, subdivision of a graph, complete bipartite graph. 
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§1. Introduction 


For standard terminology and notion we follow Harary [6] and Gallian [4]. Unless or otherwise 
mentioned, G = (V(G), E(G)) is a simple, finite, connected and undirected graph. A graph 
labeling is an assignment of integers to the vertices, or edges, or both, subject to certain 
conditios. Graph labeling used for several areas of science and few of them are communication 
network, coding theory, database management ete. In particular, radio labeling applied for 
channel assignment problem. The concept of radio labeling was introduced by Chatrand et al. 
[1] in 2001. Also in [2, 3], radio number of several graphs were found. Motivated by the above 
labeling, Ponraj et al. [7] introduced the notion of radio mean labeling of G. A radio mean 
labeling is a one to one mapping f from V (G) to N satisfying the condition 


d(u,v) + eos >1+diam (G) (1.1) 


for every u,v € V(G). The span of a labeling f is the maximum integer that f maps to a 
vertex of Graph G. The radio mean number of G, rmn(G) is the lowest span taken over all 
radio mean labelings of the graph G. The condition 1.1 is called radio mean condition. In 
(7, 8, 9], they have found the radio mean number of some graphs like three diameter graphs, 
lotus inside a circle, gear graph, Helms, Sunflower graphs, subdivision of complete bipartite, 
corona of complete graph with path, one point union of cycle Cg and wheel related graphs. In 
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this article we find the radio mean number of Jelly fish, subdivision of jelly fish, book with n 
pentogonal pages and (Ky, :m). We write d(u,v) for the distance between the vertices u and 
vin G. The maximum distance between any pair of vertices is called the diameter of G and 
denoted by diam(G). Let x be any real number. Then [2] stands for smallest integer greater 
than or equal to x. 


§2. Main Results 


First we look into the Jelly fish graphs. Jelly fish graphs J (m,n) obtained from a cycle C4 : 
uveyu by joining x and y with an edge and appending m pendent edges to u and n pendent 
edges to v. 


Theorem 2.1 The radio mean number of a jelly fish graph J(m,n) ism+n+4. 


Proof Let V(J(m,n)) = {u,v,2,y} U {u, vj :1<i<m1<j <n} and E(J(m,n)) = 
{uy, yu, vz, cu, cy} U {uuj;,vuj : 1 <i< ml <j <n}. It is clear that diam(J(m,n)) = 4. 


The vertex labeling of J(1,1), J(1,2) given in Figure 1 shows that their radio mean numbers 
are 6, 7 respectively. 


3 4 
5 1 
2 6 
4 
6 1 
2 3 
5 
Figure 1 


Assume m > 2 and n > 3. We define a vertex labeling f as follows. Assign the label 1 to 
u,. Then put the label 2 to v1, 3 to vg and so on. In this sequence v,, received the label n + 1. 
Then assign the label n + 2 to ug, 7 +3 to ug and so on. Clearly label of um is m+n. Then 


assign the labels m+n+3,m+n+1,m+n+2,m+n+4 respectively to the vertices u, v, 
x, y. Now we check the radio mean condition 


aun) + [EDEL 


>1+diam (J(m,n)) 
for all u,v € V(J(m,n)). It is easy to verify that the vertices u, v, x, y are mutually satisfies 


the radio mean condition. 


Case 1. Check the pair (wu, ui). 


> 6. 


es Sas pa) 
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Case 2. Consider the pair (u, u;). 


aun) + LHe) yg 4 [meat se? 


Case 3. Check the pair (2, u;). 
d(x,ui) + Se >24 sat > 6. 


Case 4. Verify the pair (a, v;). 


et 


ate) + [20+ 


2+2 
>o4 [sens =) 


Case 5. Consider the pair (y, ui). 


d(y, ui) + oe ve aa 7 


Case 6. Check the pair (y, v;). 


anv) + {4 


>O4 eats 


2 


Case 7. Check the pair (v, v;). 


d(v,v;) + eed > 1+ ad > 5, 


Case 8. Verify the pair (v, ui). 


Lu 


d(v, uj) + : aed 


2 


Case 9. Consider the pair (ui, v;). 


d (uj, v3) + ee >44+ =] > 6. 


Hence rmn(J(m,n)) =m+n+4. 


Now, we find the radio mean number of subdivision of jelly fish graph. If = uv is an edge 
of G and w is not a vertex of of G, then x is subdivided when it is replaced by the lines ww and 
wu. If every edges of G is subdivided, the resulting graph is the subdivision graph S(G). 


Theorem 2.2 For a subdivision of graph Jmn, 


rmn(S (Jmn)) = 
2m+2n+11 _ otherwise 


54 R.Ponraj and S.Sathish Narayanan 


Proof Let V(S(Jm,n)) = {#21 St < 9} U {ui up: 1 <i < m}U {y,u;:1< 7 <n} and 
E(S(JImn)) = {2izi¢1 21 <i < TEU {2821, 2729, 2923} U {21Ui, Uity, 2503, UjV; :l<i<m1< 
j <n}. Clearly diam(S(Jmn)) = 8. 


Case l. m=n=1. 


In this case 1 should be a label of the vertex uw; or u{, or v1 or v}. If not, 1 is a label of any 


one of the remaining vertices , say x, and suppose 2 is a label of any other vertex, say x’. Then 
d 142 
d(x, x’) + one <6+ [=] <8, 


a contradiction. 
Subcase 1. wu, receives the label 1. 


Then 2 should be a label of vj, otherwise we get a contradiction as previously. For satisfying 
the radio mean condition, 3 should be a label of a vertex which is at least at a distance 6 from the 
vertex vi and 7 from uw , such a vertex doesn’t exists. Therefore, in this case, rmn(S(J1,1)) > 14. 


Subcase 2. uw, receives the label 1. 


Then 2 should be a label of either v; or vj. Otherwise as in subcase a, the radio mean 
condition is not satisfied. If vy or vi receives the label 2 then 3 can not be a label of any of the 
remaining vertices. Suppose 3 is a label of any other vertices , say x, then 


atu 2) + [AEF cs 
‘ 

ricer ae foes <8 
n 

ieee fas <8, 


a contradiction. Thus, here also rmn(S(J1,1)) > 14. By symmetry, the same case arises when 
v1 or v}, receives the label 1. Therefore in all the cases rmn(S(Ji,1)) > 14. Now we will try to 
label the vertices of S(Ji,1) with the property that the sum of the distance between the any pair 
of vertices and the mean value of labels of that pair of vertices exceeds the integer 9. We drop 
the label 1 from the set of integers {1,2,--- ,13} and add a new label 14 . Thus the labels are 
{2,3,---,14}. Suppose /, m, n are any three vertices of S(J1,1) with their respective labels are 
2,3, 4. Then d(l,m) > 6, d(l,n) > 6 and d(m,n) > 5. It is clear that, such type of vertices 1, 
m, n doesn’t exists. So rmn(S(J1,1)) > 15. Now consider the labels from the set {3,4,--- , 15}. 
Since the vertices with labels 3 and 4 are at least at a distance 5, any one of the vertices with 
these label should be a pendent vertex and the other is either zg or zg or z4. Now suppose 
either 3 or 4 is a label of zg or z4 then 5 can not be a label of any of the rest vertices. So 3 or 
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4 should be a label of zg. Suppose 3, 4 are the labels of wu}, zo then 5 should be the label of v}. 
Then 6 can not be a label of any of the remaining vertices. The same problem arises when 4, 3 
are the labels of wu, 29. By symmetry, if we assign the label 3 or 4 to the vertex vj , then 6 can 
not be a label of any other vertices as discussed above. Hence rmn(S(Ji,1)) > 16. Consider 
the labeling given in Figure 2. 


Figure 2 
From Figure 2, it is clear that rmn(S(Ji,1)) < 16. Hence rmn($(J1,1)) = 16. 
Case 2. mA41,nF. 
Subcase 1. mtn< 4. 
As discussed in case 1, clearly it is not possible to label the vertices of S(Jm ») from the 


sets {1,2,--+ ,2m+2n+9} and {1,2,--- ,2m+2n+10}. That is rmn(S(Jmn)) > 2m+2n+11. 
The following Figure 3 shows that rmn(S(Jmjn)) < 2m+2n+ 11 wherem+n < 4. 


Figure 3 


Hence rmn(S(Jmn)) = 2mM+2n+11 form+n<4andm41,nF. 
Subcase 2. m+n>4. 


Define an injective map f : V(S(Jm.n)) > {1,2,-++,2m+2n+4+ 11} by f(v) = 3, f(vi) = 
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2m + 2n + 2, 
fil) = i4+3, l<i<m 
fv) = m+2+4+i%, 2<i<n 
f (vn—i41) mt+tn+2+i, 1l<i<n-1 
f(Um-i41) = m+2n4+1+4+1, 1<i<m 


f(z3) = 2m 4+ 2n +3, f(z2) = 2m+4+ 2n4+4, f(z) = 2m+ 2n4+ 5, f(zg) = 2+ 2n+4 6, 
f(z7) = 2m4+2n+7, f(ze) = 2m4+ 2n4+ 8, f(z5) = 2m + 2n4+ 9, f(z4) = 2m + 2n+ 10 and 
f(Z9) = 2m + 2n +11. Now we check the radio mean condition that 


wat 


d(u,v) + 5 > 9. 


for every pair of vertices u,v € V(S(Jmjn))- 


Case 1. Consider the pair (z;, z;). 


ie 


den a5) + [EEDA Lea 


ee 
2 


> 15. 
jee 


Case 2. Check the pair (u;, ui). 


d(u;, ui) + cas >1+ a > 9. 


2 2 
Case 3. Check the pair (uj, u;),7 4 j. 


f(ui) ia 


> 9. 
5 9 


eee 


Fn wae 


2 


Case 4. Examine the pair (ui, u;). 


om ee ay oo E + 2n 4 oem + 2n 4 | > 11. 
Case 5. Verify the pair (uj, uj). 
d(ul,,u/,) + aa > 4+ =] >9 


Case 6. Check the pair (uj, z;). 


Soe 


aa =) + [Hed fe] 


Soe 
2 


jeu. 
2 


Case 7. Examine the pair (wi, 2;). 
i | 2m +2 Qn +2 
dtuicey [SOO LGD) 55 [Pmt tet Ss emt? 


> 12. 
2 2 }2 
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Case 8. Verify the pair (ui, v;). 


dus) + [LUO tS) 5 gy [mrt tmonss 


> 14. 
Case 9. Consider the pair (u;, vj). 


> 13. 


f (ui) an Seek ae 
2 ae 2 


d(ui, vj) + 
Case 10. Examine the pair (uj, vj). 


d(v;, v', 


a7 


4 an pee 


Case 11. Verify the pair (u/,v;), i 4 j. 


/ * 
duly) + [Led He) 5 7 [Sem ens) 
Case 12. Check the pair (v;,v,;), i 4 j. 


avisay) + | AOS 5g, |B enemas eu. 


Case 13. Verify the pair (vj,v;), 7 # j. In this case, obviously m > 2. 


atuiso) + PREY) 3 14 [PERE 39 


4979 


Case 14. Consider the pair (v;, v4). 


f(vi) a 


d(v;, v4) + 5 >i+ 


= +e + | > 9, 


Case 15. Check the pair (v;, vj). 


asso) + [LOA LOD) yg, PRemen ts] 5g 


Case 16. Verify the pair (uj, z;),7 4 J. 


do 29) + [Dt Se 


4 fae 


2 
Case 17. Check the pair (vj, z;), 74 j. 


atid a4 oe or aa eS > 10. 


> 12. 
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Hence rmn(S(Jm.n)) < 2m+ 2n+ 11 where m+n > 4. As in argument in case 1, 
rmn(S(Jm.n)) = 2m + 2n+ 11 for this case also. Hence rmn(S$(Jmin)) = 2m + 2n + 11 when 
m+n > 4. 


Next investigation is about book with n pentogonal pages. n copies of the cylce C5 with 


one edge common is called book with n pentogonal pages. 


Theorem 2.3 The radio mean number of a book with n pentogonal pages, BP, is 3n + 2. 


Proof Let V(BP,,) = {u, v}U{ui, vi, wi 1 <i <n} and E( BP, )Ufu, v}Uf{uus, uwi, widi, iv | 
1<i<n}. Note that 


; 2 if n=1 
diam(BP,,) = 
4 otherwise 


For n = 1,2, the labeling given in Figure 4 satisfies the radio mean condition. 


5 


Figure 4 


For n > 3, define an injective map f : V(BP,,) > {1,2,--- ,3n + 2} by 


f(wi) =4, l<i<n 
f(tn-itn) =n+4, l<i<n 
f (Un—i41) =2n+i l<i<n 


f(u) =3n+1, and f(v) =3n+4+2 


Now we check the condition 


for every pair of vertices u,v € V(BP,,). 


Case 1. Check the pair (u;, w;). 


ae 214A 2 6. 


Case 2. Verify the pair (v;, wi). 


ees >14 [Pt 25 


a+ | 
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Case 3. Examine the pair (uj, v;). 


Ahan eee > 24 ates >8. 


Case 4. Consider the pair (w;, u;). 


su) + [EDEL 94 [2H] 7 


Case 5. Consider the pair (v;, wy). 


d(u;, w;) + ae >3+ es > 6. 


Case 6. Verify the pair (ui, v;). 


Ai, Vj) + aes S34 Sue 


Case 7. Check the pair (w,, w;). 


d(w, 3) + ae > 44 =] > 6. 


2 
Case 8. Examine the pair (ui, u;). 


d(uz, Uj) +4 dee > 2+ Sus > 10. 


Case 9. Consider the pair (v;,v;). 


Ho) + fe) =e 


ates 05) + | >24| 


nt+l+n+2 
2 
Since fy) f@) = Sati ie) > 6, the pair (u,x) for every x € V(BP,,) satisfy the 
radio mean condition. Similarly the pair (v, y) for every y € V(BP,) also satisfy the condition. 
Hence rmn(BP,,) < 3n + 2. Since f is injective, rmn(BP,,) = 3n + 2. 


The following result is used for the next theorem. 


Theorem 2.4([7]) Let G be a (p,q)-connected graph with diameter = 2. Then rmn(G) = p. 


Let (Ky, :m) denotes the graph obtained by taking m disjoint copies of Ky,, and joining 
a new vertex to the centers of the m copies of Ki. Let V((Kin:m)) ={v}U{u:1l<i< 
m} U {ul :1l<i<m1l<j <n} and E((Ky»:m)) = {vv : 1<i< m}U {ujus :1<i< 
ml<j<n}. 
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Theorem 2.5 For integers m,n > 1, 


6 if m=2,n=1 
rmn((Kinim)) = 
mn+m-+1_ otherwise 


Proof First we observe that 


2 if m=1 
diam((Ky 7 + m)) = 
4 otherwise 
Case l. m= 1. 
In this case (Ky, : 1) = Kin+1, which is a 2-diameter graph and hence by Theorem 2.4, 
rmn((Ki ni 1))=n+2. 
Case 2. m=2. 


Subcase 1. n=1. 


Since 1 and 2 are labels of the vertices which are at least at a distance 3, either 1 or 2 isa 
label of a pendent vertex. Assume that the label of uj is 1. Then 2 is a label of either v2 or uj. 
Then 3 can not be a label of the remaining vertices. Similarly we can show that if 2 is a label 
of ut, 1 is a label of either vg or uZ and then 3 can not be a label of the remaining vertices. 
Hence rmn((Ky1,1 : 2)) > 6. Obviously, Figure 5 shows that rmn((ky,1 : 2)) < 6. 


Figure 5 
Hence rmn((K1,1 : 2)) = 6. 
Subcase 2. n> 2. 


Define an injective function f : V((Kin:2)) > {1,2,-+-,2n +3} by f(ut) = 1, f(v) = 
2n+1, f(v1) =2n+3, f(ve) = 2n 4 2, 


We now check whether the labeling f is a required labeling. It is easy to check that the 


pairs (v1, v2), (vi,v) and (v2, v) satisfy the radio mean condition. 


Subcase 1. Check the pair (u7,u%), i 4 j. 


a(u?, 3) + j=] 22+ [248] 25. 


Radio Mean Number of Certain Graphs 61 


Subcase 2. Verify the pair (uj, uj). 
2) + flu; 2+1 
sey [RIOD so fe 


Subcase 3. Consider the pair (u;,uj), i 4 J. 


Subcase 4. Examine the pair (uj, 11). 


auto) + [DELON » 14 [LEMS] 5 


Subcase 5. Check the pair (uj, v). 


d(ut,v) + eed >O4 S| S 5. 


Subcase 6. Consider the pair (uj, v2). 


(uj, v2) + oat 23 4 aS ie 


Subcase 7. Verify the pair (u?, v2). 


due y+ [See Aled) 1 4 [2H 2, 


Uj, V2 5} 
Subcase 8. Check the pair (u?,v). 


eae oe a Rois — J ~ 


2 2 


Subcase 9. Examine the pair (u?, 11). 


Ae ete aod > 8. 


aun) +] 
Therefore, rmn((Ky.» : 2)) < 2n+ 3. But rmn((K1» : 2)) > 2n +3 and hence 


rmn((Kyn + 2)) = 2n +3. 


Case 3. m>3. 


For n = 1, m = 3, Figure 6 shows that rmn((Ky,1 : 3)) = 7. Now we consider the cases 
n>2,m=3andn>1,m>4. Define a function f : V((Kin:m)) > {1,2,---,mn+m-+1} 
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by f(v) =mn +1, 


fui) =(G-Lm+i, 1<i<mi<j<n 
flu) =mn+1+i, l<i<m. 


1 7 4 6 3 
Figure 6 
We show that f is a valid radio mean labeling. 


Subcase 1. Check the pair (w/,u/,). 


a(ui,ul) + [eet oe pasa ie 


Subcase 2. Consider the pair (uJ, ux), j Ar. 


luli) + ee Son ES ced 


4 


Subcase 3. Verify the pair (v;,v;). 


fvi) + feo) " 
; > 


Soe aoe 


d(v;,v;) + 
Subcase 4. Examine the pair (v, u’). 


d(v,u2) + [| >2+ eat >5. 


Subcase 5. Verify the pair (v, v;). 


ean ae S14 ane +6. 
Subcase 6. Check the pair (v;, v4). 


For n > 2 and m= 3, 


d(v;, us) + 
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Ifn > 1 and m > 4 then, 


(vj, us) + --— . | 


Subcase 7. Consider the pair (vi, ut), i#k. 


d(v;, u*) + | — . aa 


Hence rmn((Kin:m)) =mn+m-+1. 


Example 2.6 A radio mean labeling of (A1,5 : 4) is given in Figure 7. 


fi, Se OSes 


22 
20 2 
16 6 

12 10 

25 21 23 

g 14 

4 8 
4 


Figure 7 
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Abstract: Let Gi and G2 be two simple connected graphs with disjoint vertex sets V(G1) 
and V(G2), respectively. For given vertices a1 € V(Gi) and a2 € V(G2), a splice of Gi and 
G2 by vertices ai and az is defined by identifying the vertices a; and az in the union of G, 
and G2 and a link of Gi and G2 by vertices ai and a2 is obtained by joining ai and a2 by an 
edge in the union of these graphs. The modified Schultz index of a simple connected graph 
G is defined as the sum of the terms d(u|G)d(v|G)d(u, v|G) over all unordered pairs {u,v} 
of vertices in G, where d(u|G) and d(u, v|G) denote the degree of the vertex u of G and the 
distance between the vertices u and v of G, respectively. In this paper, explicit formulas 
for computing the vertex and edge-modified Schultz indices of splice and link of graphs are 


presented. 


Key Words: Distance, vertex-degree, modified Schultz index, edge-modified Schultz index, 


splice, link. 


AMS(2010): 05C07, 05C12, 05076. 


§1. Introduction 


In this paper, we consider connected finite graphs without any loops or multiple edges. A 
topological index Top(G) of a graph G is a real number with the property that for every 
graph H isomorphic to G, Top(H) = Top(G). There are numerous topological indices that 
have been found to be useful in chemical documentation, isomer discrimination, quantitative 
structure-property relationships (QSPR), quantitative structure-activity relationships (QSAR), 
and pharmaceutical drug design [7, 10]. The Wiener index is the first reported distance-based 
topological index which was introduced in 1947 by Wiener [19, 20] who used it for modeling 
the shape of organic molecules and for calculating several of their physico-chemical properties. 
The Wiener index of a graph G is defined as the sum of distances between all pairs of vertices 
of G, 


WiG)= So du,vl@), 


{u,v}CV(G) 


where d(u,v|G) denotes the distance between the vertices u and v of G which is defined as the 
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length of any shortest path in G connecting them. 
The molecular topological index or Schultz index [17] was introduced by Harry Schultz in 
1989. The Schultz index of a graph G is defined as 


S@= So [dulG@)+d(v|G@)]d(u,v|@), 
{u,v}CV(G) 


where d(u |G) denotes the degree of the vertex u of G. 

The vertex version of the modified Schultz index [9|of a graph G was introduced by Ivan 
Gutman in 1994 as 

S*@= So dul@)d(v|@)d(u,v|G@). 
{u,v}CV(G) 

The modified Schultz index is also known as Gutman indez. 

The edge versions of the modified Schultz index [15] were introduced by Khormali et al. 
in 2010. Two possible distances between the edges e = wv and f = zt of a graph G can be 
considered. The first distance is denoted by do(e, f |G) and defined as 


d(e,f|G)+1 e#f, 
0 e= f, 


do(e, f IG) = 


where di(e,f|G) = min{d(u, z|G), d(u,t|G),d(v,z|G),d(v,t|G)}. It is easy to see that, 
do(e, f |G) = d(e, f |L(G) ), where L(G) is the line graph of G. 
The second distance is denoted by d4(e, f |G) and defined as 
dale, f|G) eFf, 
ale fiaya=} BOF) 
0 e=f, 


where dg(e, f |G) = max{d(u, z |G), d(u, t|G), d(v, z |G), d(v,t|G)}. 

Related to the distances dp and d4, two edge versions of the modified Schultz index can be 
defined. The first and second edge-modified Schultz indices of G are denoted by (W,)e,(G) and 
(W,.)e,(G), respectively and defined as 


(WiJe(@Q= S> dlelG)d(f|@)dile,flG),  1€ {0,4}, 


{e,f}CE(G) 


where d(e |G) denotes the degree of the edge e in G which is the degree of the vertex e in the 
line graph L(G). For more information on the edge-modified Schultz indices, see [14]. 

In this paper, we compute the vertex version and edge versions of the modified-Schultz 
index for splice and link of graphs. Readers interested in more information on computing 
topological indices of splice and link of graphs can be referred to [1 C 6, 8, 12, 13, 16, 18]. 


§2. Definitions and Preliminaries 


Let G be a graph with vertex set V(G) and edge set E(G). We denote by V(e) the set of two 


Some Results on Vertex Version and Edge Versions of Modified Schultz Index 67 


end-vertices of the edge e of G. For u € V(G) and e = ab € E(G), we define 
D,(u,e|G) = min{d(u,a|G),d(u,b|G)},  Do(u,e|G) = max{d(u,a|G), d(u, b|G)}. 


Note that, Di(u,e|G) is a nonnegative integer and D,(u,e|G) = 0 if and only if u € V(e). 
Also, D2(u,e|G) is a positive integer and D2(u,e|G) = 1 if and only if u € V(e) or u and the 
end vertices of e form a 3-cycle in G. 

For u € V(G), let N(u|G) denote the set of all first neighbors of u in G. We denote by 
d(u|G), the sum of degrees of all neighbors of wu in G, ie., 


d(ulG@)= S>  dvl@). 


vEN(ulG) 
We denote by Mj (G), the first Zagreb index [11] of G which is defined as 
M(G)= SY) dulG)’. 
ueV(G) 
The first Zagreb index can also be expressed as a sum over edges of G, 


M(G)= > [du|@) + dew|e)}. 
uve E(G) 


Let e be an edge of G with V(e) = {a,b}. It is easy to see that, d(e|G) = d(a|G) + 
d(b|G) — 2. Therefore, 
S* d(e|G) = Mi(G) — 2|E(G)|. 


e€ E(G) 


Also for u € V(G), we have 


d(e|G) = d(u|G)(d(u|@) — 2) + d(u|@), 
e€ E(G);uEV(e) 


[d(e|G) + d(f |G)] = (d(u|G) — 1) [d(u|G)(d(u|G) — 2) + 6(u|@)]. 
fe, f}CE(G);ueV (e)NV(f) 


§3. Results and Discussion 


In this section, we compute the vertex version and edge versions of the modified Schultz index 
for splice and link of graphs. 


3.1 Splice 


Let G; and G2 be two graphs with disjoint vertex sets V(G,) and V(G2) and edge sets E(G,) 
and E(G2), respectively. For given vertices ay € V(G) and az € V(G2), a splice [8] of Gi and 
G2 by vertices a1 and ag is denoted by (G1.G2)(a1, a2) and defined by identifying the vertices 
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a, and az in the union of G; and Gj. We denote by n;, m; and a;, the order and size of 
the graph G; and the degree of a; in G;, respectively, where i € {1,2}. It is easy to see that, 
|V ((G1.G2) (a1, az))| Hn +ng—- 1 and E((G1.G2)(a1, az))| =m,+mMa. 


In the following lemmas, the degree of an arbitrary vertex of (G1.G2)(a1,a2) and the 


distance between two arbitrary vertices of this graph are computed. The results follow easily 
from the definition of the splice of graphs, so their proofs are omitted. 


Lemma 3.1 Let u € V((G1.G2)(a1,a2)). Then 


d(u|Gi ) u € V(Gi) \ {ai}, 
d(u |(G1.G2 (ai, az)) = d(u |G) we V(G2) \ {az}, 
Qa, + ag U=a, Or U= 49. 


Lemma 3.2 Let u,v € V((G1.G2)(a1, a2)). Then 


d(u, v |G ) u,v € V(G), 
d(u, v |(G1.G2)(a1,a2)) = 4 d(u,v|Go) u,v € V(G), 
d(u, a1 |Gi) + d(ag,v|G2) WE V(G1),veE V(G2). 


In the following theorem, the modified Schultz index of (G1.G2)(a1, a2) is computed. 


Theorem 3.3 The modified Schultz index of G = (G1.G2)(a1, a2) is given by 


S*(G) =S"(Gi1) + S*(G2)+2m2. SY d(u |G )d(u, a1 |G) 
weV(G1)\{ar} 
+2m S> — d(ulGz)d(u, a2 |G). 
u€V(Ge2)\{a2} 


Proof We partition the sum in the formula of S*(G) into three sums as follows. 


The first sum S$; consists of contributions to S*(G) of pairs of vertices from G . Using 


Lemmas 3.1 and 3.2, we obtain 


S,= ‘> d(u|G, )d(v |G, )d(u, v|G1) 
{u,v}CV(G1)\ {ar} 
a (ay a a2) S- d(u|Gy )d(u, a1 |Gr ) 
weV(G1)\{ar} 
=S*(G1) + a2 S- d(u|Gy )d(u, ay |G, ). 
weV(G1)\{ar} 


The second sum 52 consists of contributions to S*(G) of pairs of vertices from G2. Similar 
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to the previous case, we obtain 


S.=S*(G2)ta, So d(ulG2)d(u,a2 |G). 
weV(G2)\{a2} 


The third sum S3 is taken over all pairs {u,v} of vertices in G such that u € V(G1) \ {a1} 
and v € V(G2) \ {a2}. Using Lemmas 3.1 and 3.2, we obtain 


S3 = S- S- d(u |G )d(v |G@z)[d(u, a1 |G1) + d(a2, v|G2)] 
u€V(G1)\{a1} vEeV(G2)\{a2} 
=(2m2-a2)  S> — d(u|Gi)d(u,ai |G) 
ueV(G1)\{ar} 
+(2mi-a) So d(ulGz)d(u,az|G2). 
ueV (G2)\{a2} 


The formula of S*(G) is obtained by adding $1, Sz and $3 and simplifying the resulting 


expression. 


In the following lemmas, the degree of an arbitrary edge of (G1.G2)(a1, a2) and the distances 
do and d4 between two arbitrary edges of this graph are computed. The results are direct 
consequences of Lemmas 3.1 and 3.2, respectively, so their proofs are omitted. 


Lemma 3.4 Lete€ E((G1.G2) (a1, a2)). Then 


d(e |G) e€ E(G}), a1 ¢ V(e), 
d(e|(Ga.Ga) (a1, 2)) 7 d(e|G1) +a e € E(G)), a1 € V(e), 
d(e|G2) e € E(G2), a2 ¢ V(e), 
d(e|Gz) +a, e € E(G2), a2 € Ve). 
Lemma 3.5 Let G = (G1.G2)(a1, a2) and e, f € E(G). Then 
do(e, f |G1) e, f € E(G), 
(t) dole, fIG) = 4 dole, f |G2) e, f € E(G9), 
Dy(a1,e|G1) + Di (aa, f |Go) +1 e € E(G), f € E(G2), 
da(e, f |G.) e, f is E(G)), 
(ti) dae, f|G) = 4 dale, f |G2) e, f € E(Go), 
D2(a1,e|G1) + Do(aa, f |Go) e€ E(G,), f € E(G2). 


In the following theorem, the first and second edge-modified Schultz indices of (G1 .G2)(a1, a2) 


are computed. 


Theorem 3.6 The first and second edge-modified Schultz indices of G = (G1.G2)(a1, a2) are 


70 Mahdieh Azari 


given by 


(1) (Wa )eo(G) = (We )eo (G1) + (Wa )eo (G2) 


+a Me, d(f |G )do(e, f |G1) 
e,f €E(G1);a1€V(e)\V(f) 
+a, > d(f |G2 )do(e, f |G2) 


e,f CE(G2);a2€V(e)\V(f) 


io (Mi (G2) — 2M ae 0102) Ss d(e |G )Di (a1, e|G ) 
e€ E(G) 
+ (Mi (G1) — 2m, + a2) ys d(f |Gz)D1 (a2, f |G2) 
fEE(Ge) 
+ (My, (G1) _ 2m) (My (G2) 2mz) t a2 (ay 1)d(ay |G) + a1 (a2 _ 1)d(ag |G) 
+a1Qa2 [Mi (G1) + Mi (G2) + (ay t a2)” F(a t a2) 2(my + m2 — 2)]. 
(it) (Ws )es(G@) = (Wa )es(G1) + (Wa )es (G2) 
fas 5 A(f |G1 )dale, f1G1) 
e, fEE(G1);a1EV(e)\V(f) 
+a Dy d(f |Gz)da(e, f |G2) 


e, f CE(G2);a2€V(e)\V(f) 


el (Mi (G2) — 2m2 alr a2) a d(e |G )Do(a1,e|G ) 
e€ E(G)) 


+ (Mi (G1) — 2m, + ara2) oa U(f |G2)D2(a2, f |G2) 
fe B(G2) 

+ ay os [d(u|G1) + d(v|G1)]d(u,v|G1) 
{u,v} CN (a1|Gi ) 
+ a4 S> [d(u|Gz) + d(v|G2)]d(u, v|G2) 
{u,v} CN (a2|Ge ) 


a2 (a2 + 2a; — 4) S- d(u, v |G ) 
{u,v}CN(ai|G1 ) 


ay (a1 2a2 4) S- d(u, v |G ) 
{u,v}CN(a2|Ge ) 


+ a1Q2 [Mi (G1) + My (G2) — 2(my + me —- a1 a2) 5 


Proof We prove the first part of the theorem. The second part can be proved by a similar 
method. At first, we partition the sum in the formula of (W,.)e,(G) into three sums as follows. 


The first sum Sj consists of contributions to (W,.)e,(G) of pairs of edges from G,. In order 
to compute $1, we partition it into three sums $11, Sj2 and $3 as follows. 


The sum $j; is equal to 


Si = S> Ue |G )d(f |G dole, f |G). 
{e,f}CE(Gi);a1 EV (e)UV(f) 
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Using Lemmas 3.4 and 3.5, we obtain 


TS > d(e |G )d(f |G1 )do(e, f |G1). 
{e, f} CE(G1);a1¢V(e)UV(f) 


The sum $j2 is equal to 


a S- d(e|G)d(f |G )do(e, f |G). 
fe, f}CE(Gi);a1EV(e)NV(f) 


Note that, for every pairs {e, f} of edges in G; such that a, € V(e)NV(f), do(e, f |Gi1) = 1. 


Now, using Lemmas 3.4 and 3.5, we obtain 


Sig = > (d(e|G1) + a2) (d(f |G1) + a2) 
{e,f}CE(G1);a1€V (e)NV(F) 
= ys d(e|G1)d(f |G1) 


{e,f}CE(Gi)ia1 EV (e)NV(f) 


+ a2(a1 — 1)[er(a1 — 2) + 6(a1 |G1)] + a2? Gy 


The sum $33 is equal to 


cre SS d(e|G )d(f |G)do(e, f |G). 
e, f€E(G1);a1EV(e)\V(f) 


Using Lemmas 3.4 and 3.5, we obtain 


Sis = S- (d(e|G1) + a2) d(f |G1 )do(e, f |Gi) 
e, f€E(G1);a1EV(e)\V(f) 
3 S- d(e|G1 )d(f |G1 )do(e, f |G) 
e, f€E(G1);a1EV(e)\V(f) 


ja s- df |G1 )do(e, f |G). 
e, f€E(G1);a1EV(e)\V(f) 


By adding $11, Siz and S 3, we obtain 


Sy =(W, Jeo (G1) + Qs? i + a2 (a4 - 1)fai(ay - 2) + b(a4 |G, ) 


+a oe d(f |G )do(e, f |G). 
e,f€E(G1);a1€V(e)\V(f) 


The second sum 52 consists of contributions to (W..)e,(G) of pairs of edges from Go. 
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Using the same argument as in the computation of $1, we obtain 


2 


+a oy d(f |G2)do(e, f |G2). 
e,f CE(G2);a2€V(e)\V(f) 


So =(W, Jeo (G2) + ay? 6 + ar(ag = 1) [a2(az = 2) + d(a2 |G ) 


The third sum $3 is taken over all pairs {e, f} of edges in G such that e € E(G,) and 
f € E(G2). In order to compute $3, we partition it into four sums $31, S32, S33 and S34 as 
follows. 


The sum $3; is equal to 


$31 = S- ye d(e|G)d(f |@)do(e, f |G). 
e€ E(G1);a1¢V(e) fEE(G2);a2¢V(f) 


Using Lemmas 3.4 and 3.5, we obtain 


531 = s x d(e|G4 )d(f |G2)|Di(a1,e|G1) + Di(ae, f |G2) +1] 
e€ E(G1);a1¢V(e) fE€E(G2);a2¢V(f) 


=[M, (Gz) — 2m2 — a2(a2 — 2) — 5(a2|G2)] S> d(e|Gi)Di(ai,e|G) 
e€ E(G)) 


+ [Mi (Gi) — 2m, — ax(a1 — 2) (ai |G1)] SO d(F |G@2)Di (aa, f\G2) 
fEE(G2) 


= [Mi (G1) 2m ay(ay4 2) d(ay |Gy ) 
x [Mi (G2) 2m a2 (a2 2) d(ag |G ) 7 


The sum $32 is equal to 


Sp= d> dle |G)d(f |@ dole, f |G). 


e€E(G1);ai1¢V(e) fEE(G2);a2EV(f) 


Using Lemmas 3.4 and 3.5, we obtain 


Sa= Dy S> ae |G) (AF |@2) + a1) [Di (ane |G1) + 1] 


e€E(G1);a1¢V(e) fEE(G2);a2EV(f) 
=[a2(a2 — 2) + d(a2 |G) + 2102] [ S- d(e |G, )Di (ai, e |G) 
e€ E(G)) 
+ M,(G1) 2m, ay(ay 2) d(ay |Gy )]. 


The sum $33 is equal to 


Se= Y> dle |@)alF |G dole, f 1G). 


e€ E(G1);a1€V(e) fEE(G2);a2¢V(f) 
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Using the same argument as in the computation of S32, we obtain 


S33 =[a1(a1 — 2) + 6(a1 |G1) + ara] | S- d(f |G2)Di (a2, f |G2) 
fEE(G2) 


+ M, (G2) 2m a2 (ag 2) b(ag |Go )] 7 


The sum $34 is equal to 


Su= > d> dle |G)d(f |@ dole, f |G). 


e€ E(G1);a1€V(e) fEE(G2);a2EV(f) 


Using Lemmas 3.4 and 3.5, we obtain 


S34 = S- oe (d(e|G1) + a2) (d(f |G2) + a1) 


e€ E(G1);a1€V(e) fEE(G2);a2EV(f) 


=[a1 (a1 _ 2) + d(a4 |G) + a1 02] [a2(az = 2) + b(a2 |G) + aa]. 


By adding S31, S32, S'33 and S34, we obtain 


S3 =(M1(G2) — 2m2 + a1a2) y d(e |G )Di (a1, e|G1 ) 
e€ E(G)) 


+ (Mi (G1) — 2m, + 02) ye d(f |Gz)D1 (a2, f |G2) 
feE(G2) 


a (Mi (G1) = 2m1) (Mi (G2) = 2m2) 
+ a1Qa2 [Mi (G1) — 2m, + My (G2) — 2m2+ a2] 2 


The formula of (W:)e,(G) is obtained by adding S), Sz and S3 and simplifying the resulting 


expression. 


3.2 Link 


Let G; and G2 be two graphs with disjoint vertex sets V(G,) and V(G2) and edge sets E(G,) 
and E(G2), respectively. For vertices aj € V(G,) and ag € V(G2), a link [8] of G; and G2 
by vertices a; and ag is denoted by (Gi ~ G2)(a1, a2) and obtained by joining a; and ag by 
an edge in the union of these graphs. We denote by n;, m; and a;, the order and size of the 
graph G; and the degree of a; in G;, respectively, where i € {1,2}. It is easy to see that, 
|V (Gi ~ G2)(a1, a2) | =n, +n and |E((G4 ~ G2)(a1, a2) | =m +m+1. 


In the following lemmas, the degree of an arbitrary vertex of (G1 ~ G2)(a1, a2) and the 
distance between two arbitrary vertices of this graph are computed. The results follow easily 
from the definition of the link of graphs, so their proofs are omitted. 
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Lemma 3.7 Let u€ V((Gi ~ G2) (a1, a2)). Then 


d(u |G ) we V(Gi) fark, 
d(u Go UucecVv Go ash 

d(u|(Gs ~ G2)(a1,02)) = one ih )\ {aa} 
ag+1 U =o. 


Lemma 3.8 Let u,v € V((Gi ~ G2) (a1, a2)). Then 


d(u, v |G ) u,v € V(G)), 
d(u,v|(Gi ~ G2)(a1,a2)) = 4 d(u,v|G2) u,v € V(G), 


d(u, a1 |Gi) + d(a2,v|Go)+1 we V(G1),v € V(G2). 


In the following theorem, the modified Schultz index of (G1 ~ G2)(a1, a2) is computed. 
Theorem 3.9 The modified Schultz index of G = (G1 ~ G2)(a1, a2) ts given by 


S*(G) =S"(G1) + S*(G2)+2(m2+1) SY) d(u|Gi)d(u, a1 |G) 
weEV(G1)\{ar} 


+2(mi+1) S> — d(u|Gz)d(u, a2 |G2) + 2(mi + m2 + 2myme) +1. 
weV(G2)\{a2} 


Proof We partition the sum in the formula of S*(G) into three sums as follows. 


The first sum S; consists of contributions to S*(G) of pairs of vertices from G,. By Lemmas 
3.7 and 3.8, we obtain 


S1= ys d(u|Gy )d(v |G )d(u, v |G1) 
{u,v} CV (G1)\{ar} 


+(ai+1) So d(ulGi)d(u,ar |G) 
weV(G1)\{ar} 


=S"(Gi) + ye d(u|Gy )d(u, ay |G1 ). 
ueV(G1)\{ai} 


The second sum $2 consists of contributions to S*(G) of pairs of vertices from G2. Similar 
to the previous case, we obtain 


S2=S*(G2)+ So d(ulGz)d(u, a2 |G2). 
wEV (G2)\{a2} 


The third sum S3 is taken over all pairs {u,v} of vertices in G such that u € V(G) and 
v € V(G2). In order to compute $3, we partition it into four sums $31, $32, S33 and $34 as 
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follows. 


The sum $3; is taken over all pairs {u,v} of vertices in G such that u € V(G1) \ {ai} and 
v = ag. Using Lemmas 3.7 and 3.8, we obtain 


S31 =(a2 + 1) S- d(u|G1 )[d(u, a1 |Gi) + 1] 
weV(Gi)\{ar} 
=(a2 + 1)[ S- d(u|Gy )d(u, ay |G) +2m, — ay]. 
weEV(G1)\{ar} 


The sum S32 is taken over all pairs {u,v} of vertices in G such that u € V(G2) \ {a2} and 


v = a,. Similar to the previous case, we obtain 


Ss =(a+1)[ S> — d(ulGz)d(u,a2|Gz) + 2m2 — a9]. 
u€V (G2)\{a2} 


The sum S33 is taken over all pairs {u,v} of vertices in G such that u € V(G1) \ {ai} and 
v € V(Go) \ {a2}. By Lemmas 3.7 and 3.8, we obtain 


Ss= > S> d(u|Gi )d(v |G@z) [d(u, a1 |G1) + d(az,v |G2) +1] 
u€V(Gi)\{a1} veV(Ga)\ {a2} 


=(2m2-a2) SY > d(ulGi)d(u,ai |G) 
weV(G1)\{ar} 


+ (2m = a) S d(v |G )d(aa, UV |G) + (2m = a) (2m = ag). 
vEV(G2)\{a2} 


The sum $34 is equal to 


S34 = d(ay |G )d(ag IG )d(a1, ag IG) = (ay + 1) (a2 + ‘a 


By adding S31, S30, S'33 and S34, we obtain 


S3 =(2m2 + 1) S- d(u |G, )d(u, ay |G, ) 
weV(G1)\{ar} 

+ (2m, + 1) S- d(v |G )d(aa, Vv |G) 

vEV(G2)\{a2} 


i 2(my + m2 + 2m m2) + 1. 


Now, the formula of S*(G) is obtained by adding $1, S2 and $3 and simplifying the resulting 


expression. 


In the following lemmas, the degree of an arbitrary edge of (Gi ~ G2)(a1,a2) and the 
distances do and d4 between two arbitrary edges of this graph are computed. The results are 
direct consequences of Lemmas 3.7 and 3.8, respectively, so their proofs are omitted. 
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Lemma 3.10 Lete€ E((Gi ~ G2) (a1, a2)). Then 


d(e|G1) e € E(G,),a1 ¢ V(e), 
d(e Gi) +1 ee E(G}), a1 E V(e), 
d(e|(Gi ~ Gz)(a1,a2)) = { d(e|G2) e € E(G2), a2 ¢ V(e), 
d(e|G2)+1 e € E(G2), a2 € Ve), 


Lemma 3.11 Let G = (Gi ~ G2)(a1, a2) ande, f € E(G). Then 


do(e, f |G) e, f € E(Gi), 
do(e, f |G2) e, f € E(G2), 

(i) do(e, f|GZ) = 4 Dy(ar,e|G1) +1 e € E(G1), f = ara, 
Dy(a2,e|G2) +1 e € E(G2), f = aia, 
Dy(a1,e|G1) + Di(az, f|G2) +2 eC E(G1),f € E(G), 
da(e, f |G1) e, f € E(G), 
da(e, f |G2) e, f € E(G%), 

(ii) da(e, fIG) = 4 Do(a,,e|G1) +1 e€ E(G,), f = a1a2, 
Do2(a2,e|G2) +1 e € E(G2), f = aia, 
Do2(a1,e|G1) + De(a2, f|G2) +1 e€ E(G,),f € E(G)). 


In the following theorem, the first and second edge-modified Schultz indices of (Gi ~ 
G2)(a1, a2) are computed. 


Theorem 3.12 The first and second edge-modified Schultz indices of G = (Gi ~ G2)(a1, a2) 
are given by 


(1) (Wa )eo(G@) = (We )eo(G1) + (We Jeo (G2) + 2 Uf |G )dole, FG) 
e,f€E(G1);a1€V (e)\V(f) 


4 S- d(f |G2)do(e, f |G2) 


e, f€E(G2);a2€V(e)\V(f) 
ees (My (G2) — 2m2 + 2a2 + a1) S- d(e|G1 )Di(a1,e|Gi ) 
e€ E(G)) 


+ (Mi (G1) — 2m, + 2a, + a2) S- d(f |Gz)D1 (a2, f |G2) 
fCE(G2) 


+ 2(Mi (G1) = 2m1) (Mi (G2) = 2m2) + (ay = 1)d(ay |G, ) + (a2 = 1)d(ag |G) 
=e (302 + a)(Mi(G1) —= 2m1) + (3a, + a2)(Mi(G2) —- 2m2) 


2 GaSe 1) _ 9/02) 
QL ag aA, a2 3 2 3 2 
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(i) (We)ea(G@) = (Wa)ea (Gi) + (We Jeg (Ge) + s d(f |G dale, f |G1) 
e,fE€E(G1);a1€V(e)\V(f) 


4 S- d(f |Gz)da(e, f |G2) 
e,f CE(G2);a2EV(e)\V(f) 


i (Mi (G2) — 2m2 os i 2a2 + a1) S- d(e|G1 )Do2(a1,e|Gi ) 
e€E(Gi) 

+ (Mi (G1) — 2m, + 2a, + a2) = d(f |Gz)D2(a2, f |Ge) 
fEE(G2) 


ue S- [d(u|G1) + d(v|G1)]d(u, v |G1) 
{u,v}CN(a1|G1 ) 


+ se [d(u|G2) + d(v|G2)]d(u, v |G2) 

{u,v}CN (a2|G2 ) 

+ (20; — 3) S- d(u,v|G1) + (Qa2 — 3) S- d(u,v|G2) 
{u,v}CN(ai|Gi ) {u,v}CN (a2|Ge2 ) 

a= (Mi (G1) a 2m1) (Mi (G2) as 2mz2) ra (3a mot a1)(Mi(G1) = 2m) 

+ (3a, + a2)(Mi(G2) 2mz) t (ay a2)? 3a1Q2. 


Proof We prove the second part of the theorem. The first part can be proved by a similar 
method. At first, we partition the sum in the formula of (W,.).,(G) into three sums as follows. 


The first sum S; consists of contributions to (W,.)-,(G) of pairs of edges from G1. In order 
to compute $1, we partition it into three sums $11, Sj2 and 5$}3 as follows. 


The sum $j; is equal to 


Siac s: d(e|G)d(f |G )da(e, f |G). 
{e,f}CE(Gi);a1¢V (e)UV(f) 


Using Lemmas 3.10 and 3.11, we obtain 


cae y~ d(e|G:)d(f |G: dale, f |x). 


{e,f}CE(G1);a1€V(e)UV(f) 
The sum $j2 is equal to 
Siz = S> d(e|G)d(f |G dale, f |G). 


{e,f}CE(Gi)ia1 EV (e)NV(f) 


Using Lemmas 3.10 and 3.11, we obtain 
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Bers S (d(e|G1) +1) (d(f |G1) + 1)dale, f |G1) 
{e,f}CE(G1);a1€V(e)NV(f) 
- »S- d(e|G1 )d(f |G1 )da(e, f |G1) 


{e, f}CE(G1);a1EV(e)NV(f) 
“tr oo [d(u|G1) + d(v|Gi )]d(u, v|G1) 
{u,v}CN(ai|Gi ) 


+ (2a, — 3) S- d(u,v |G). 
{u,v}CN(ai|G1 ) 


The sum $33 is equal to 


Ce S d(e|G )d(f |G)da(e, f |G). 
e, f€E(G1);a1EV(e)\V(f) 


Using Lemmas 3.10 and 3.11, we obtain 


see S- (d(e|Gi) + 1)d(f |G1 )da(e, f |G1) 
e, f€E(G1);a1EV(e)\V(f) 


= S- d(e|G1 )d(f |G: )da(e, f |G) 
e, f€E(G1);a1E€V(e)\V(f) 


+ S- d(f |G1 )da(e, f |G: ). 
e, f€E(G1);a1EV(e)\V(f) 


By adding Si, Si2 and S13, we obtain 


Si =(W.)e,(G1) + S- [d(u|G1) + d(v|G1)]d(u, v|G1) 
{u,v} CN (a1|G1 ) 

+(20.-3) 5S) d(u,v|Gi)+ = d(f |G )da(e, f |G). 
{u,v}CN(a1|G1 ) e, f€E(G1);a1€V(e)\V(f) 


The second sum $2 consists of contributions to (W,.)-,(G) of pairs of edges from G2. Using 
the same argument as in the computation of S,, we obtain 


So =(W.)e,(Go) + S- [d(u|G2) + d(v|G2)]d(u, v |G2) 
{u,v}CN (a2|Ge ) 


+(2a2-3) DS) d(u,v|G2)+ S df |G2)da(e, f |G2). 
{u,v}CN(a2|Ge) e, f €CE(G2);a2€V (e)\V(f) 


The third sum $3 is taken over all pairs {e, f} of edges in G such that e € E(G,) and 
f = a,a2. In order to compute $3, we partition it into two sums $3; and S32 as follows. 


The sum $31 is equal to 


Sa. = S- d(e|@)a(f |G )da(e, f |G). 


e€ E(G1);a1€¢V(e), f=aia2 
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Using Lemmas 3.10 and 3.11, we obtain 


S31 = S- d(e|G1 )(ay + a2)[D2(a1,e IG) + 1] 
e€ E(G1);a1¢V(e) 


=(a + a2) S- d(e |G, )Do(a1,e |G) + My (G1) _ 2m — 2a1(ay1 — 2) _— 26(a1 |G, )]. 
e€ E(G)) 


The sum $32 is equal to 
Soo = Ss d(e|G)d(f |@)dale, f |G). 
e€ E(G1);a1€V(e), f=aia2 


Using Lemmas 3.10 and 3.11, we obtain 


S39 =2 S- (d(e|G,) + 1)(a1 + a2) — 2(a1 + a2) [ai(ay —2)4 d(a1 IG, ) + ay]. 
e€ E(G1);a1€V(e) 


By adding $31 and S32, we obtain 


$3 = (ay + a2)[ S- d(e |Gy )Do(a1,e |G) + M1 (G1) — 2m, + 2a]. 
e€ E(G1) 


The fourth sum $4 is taken over all pairs {e, f} of edges in G such that e € E(G2) and 


f =a a2. Using the same argument as in the computation of S3, we obtain 


S4 = (a1 + a2)| S- d(e |Gz)D2(a2, e|G2) + Mi (G2) — 2m2 + 2a2]. 
e€ E(Ge) 


The fifth sum Ss is taken over all pairs {e, f} of edges in G such that e € E(G,) and 
f € E(G2). In order to compute $5, we partition it into four sums $51, S52, S53 and S54 as 
follows. 


The sum S51 is equal to 


Ss = S- d(e|G)d(f |G)da(e, f |G). 
e€ E(G1);a1¢V(e) fEE(G2);a2¢V(f) 


Using Lemmas 3.10 and 3.11, we obtain 


551 = ss a d(e|G4 )d(f |G2)|D2(a1,e|G1) + Do(a2, f |G2) +1] 
e€ E(G1);a1¢V(e) f€E(G2);a2¢V(f) 


=|M1(G2) — 2m2 — a2(a2 — 2) — 5(a2|G2)] 

[ 32 d(e|G@1)Do(a1,e|G1) — a1(a1 — 2) — 6(a1 |G1)] 
e€ E(G1) 

+ [Mi (G1) — 2my — a1(a1 — 2) — 6(a1 |G1)] 
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x[ S > d(f|@2)Do(a2, f |G2) — a2(a2 — 2) — 6(a2|G2)| 
fEE(G2) 
+ [Mi (G1) 2m, anr(ay 2) d(ay |G, ) x [Mi (G2) 2me2 a2 (a2 2) b(a2 |G )] . 


The sum S52 is equal to 


Se= > d(el@)d(f |@)dale, f1G). 


e€ E(G1);a1¢V(e) f€E(G2);a2EV(f) 


Using Lemmas 3.10 and 3.11, we obtain 


S2= >) S> — d(e|@1)(d(f |Gz) + 1) [Do(ar,e|G1) +2] 
e€E(G1);a1¢V(e) fEE(G2);a2EV(f) 
=[a2(a2—1) + 6(a2|G2)][ S>  d(e|G1)D2(a1,e|G1) — a1(a1 — 2) — 6(a1 |G) 
e€ E(G) 


+ 2(Mi(G1) 2m, ay(ay4 2) d(ay |Gy ie 


The sum S53 is equal to 


S53 = S- S- d(e|G)d(f |@)da(e, f |G). 
e€ E(G1);a1€V(e) fEE(G2);a2¢V(f) 


Using the same argument as in the computation of S52, we obtain 


S53 =[o4 (ay => 1) + b(a4 |G, )] [ S- d(f |G2)Di (aa, f |G) = Qn (Q2 = 2) = 0(ag |G2) 
fEE(G2) 


+ 2(M;(G2) 2m an (a2 2) 5(a2 |G ))]. 


The sum S54 is equal to 


Sa= > Yo dle |G@)d(f |@ dale, f |G). 


e€E(G1);a1€V(e) fEE(G2);a2EV(f) 


Using Lemmas 3.10 and 3.11, we obtain 
Sa=3 | ~~ (le 1G@1) + (AF G2) +1) 
e€ E(G1);ai1€V(e) fEE(G2);a2EV(f) 
=3 [ar(ay _ 1) + d(ay |G, ) [a2(az = 1) + d(ag |G )]. 


By adding S51, S52, S53 and S54, we obtain 


Ss =(Mi (G2) — 2m2 + a2) - d(e|G1 )D2(a1,e|Gi ) 
e€ E(G1) 


+ (Mi (G1) — 2m, + a) SS d(f |Gz)De2(a2, f |G2) 
fe E(Go) 


resulting expression. 
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a a (Mi (G1) = 2m1) (Mi (G2) = 2mz) + 202 (My, (G1) = 2m1) 
+ 2a, (My (G2) _ 2m2) + 3a1Q2. 


The formula of (W,.)¢,(G) is obtained by adding $1, S2, $3, S4 and Ss and simplifying the 
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Abstract: The aim of this paper is to discuss the folding of Cayley graphs of finite group. We 
prove that, for any finite group G,|G | = n and H is a subgroup of G. Then Cayley graph 
Tl = Cay(G,S) of G with respect to S = H\{1c¢} can be folded into a complete graph K, 
where r = |H|. Hence every Cayley graph T = Cay(G,S') of valency n—1 can not be folded. 
Also every Cayley graph T = Cay(G,S) of valency one can be folded and IT = Cay(G, S$) , 
where S' is generating set, every elements in it is self inverse and |S| = $|G| , can be folded 


to an edge. Theorems governing these types of foldings are achieved. 
Key Words: Cayley graph, folding, graph folding. 


AMS(2010): 54C05, 54A05. 


§1. Introduction 


It was Robertson, S.A. [7] who in 1977 introduced the idea of folding on manifolds. Following 
this first paper there has been huge progress in the folding theory. All are focusing on topology 
and manifolds .Many other studies on the folding of different types of manifolds introduced 
by many others [5], [6], [8]. Also a graph folding has been introduced by E. El-Kholy [4]. 
But EL-Ghoul in [3], turns this idea to algebras branch by giving a definition of the folding 
of abstract rings and studying its properties. Zeen El-Deen in [9] introduced the folding of 
groups and studying its properties. Some applications on the folding of a manifold into itself 
was introduced by P. Di.Francesco [2]. 

Graph Theory began with Leonhard Euler in his study of the Bridges of Konigsburg prob- 
lem. Since Euler solved this very first problem in Graph Theory, the field has exploded, be- 
coming one of the most important areas of applied mathematics we currently study. Generally 
speaking, Graph Theory is a branch of Combinatorics but it is closely connected to Applied 
Mathematics, Topology and Computer Science. 

There are frequent occasions for which graphs with a lot of symmetry are required. One 
such family of graphs is constructed using groups. The study of graphs of groups is innovative 
because through this description one can immediately look at the graph and deduce many 
properties of this group. Cayley graphs are an example where graphs theory can be applied 
to groups. These graphs are useful for studying the structure of groups and the relationships 
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between elements with respect to subsets of these groups (for example, generating sets, inverse 
closed sets,---, etc.). 
Cayley (1878) used graphs to draw picture of groups as we will see in the following defini- 


tions. 


§2. Definitions and Notations. 


We will start putting down some definitions which are needed in this paper. We begin with a 
short review of some basic definitions and properties of graphs. A graph T consists of a set of 
elements called vertices V(T), and a set of unordered pairs of these elements, called edges F(T). 
We will write (x,y) for directed edge, and xy or {x,y} for an undirected edge. we will only 
deal with simple graphs; that is, graph with no loops and no multiple edges and we will define 
all graphs to have a nonempty vertex set. A graph with no edges, but at least one vertex, is 
called empty graph. 

It is important to note that a graph may have many different geometric representation, 
but we just use these as a visualization tools and focus on V([) and E(T) for our analysis. 

A graph is said to be connected if every pair of vertices has a path connecting them. 
Otherwise the graph is disconnected. The valency of a vertex is the number of edges with the 
vertex as an end point.If all the vertices of a graph have the same valency then it called a 
regular graph. A graph is complete if every vertex is connected to every other vertex, and we 
denote the complete graph on n vertices by K,. A graph is said to be bipartite if its vertex 
set can be partitioned into two sets, V; and V, , such that there are no edges of the form 
{x,y} where z,y¢€V or x,y € V2. The complete bipartite graph Ky» is a bipartite 
graph with vertex set Vil) V2 , such that Vj and V2 have size m and _ n respectively, and 
edge set {{a,y}, «eV, ,y © Vo}. A clique of a graph is its maximal complete subgraph. 


Definition 2.1 Let S be a subset of a finite group G. The Cayley digraph T = Cay(G,S) 

of G with respect to S is the directed graph given as follows. The vertices of T = Cay(G, S$) 

are the elements of the group G . There is an arc between two vertices g andh if and only 
if g the S. In other words, for every verter g € G and element s € S , there is an arc 
from g to gs. 


Notice that if the identity 1 of G isin S , then there is a loop at every vertex, while if 
1¢S , the digraph has no loops. For convenience we will assume that the latter case holds; it 
makes no difference to the results. Also notice that since S is a set, it contains no multiple 
entries and hence there are no multiple arcs. 


Definition 2.2 A Cayley digraph can be consider to be a Cayley graph if whenever S is closed 
inverse, that is ; if s € S, we also have s~' € S , since in this case every arc is a part of a 
digon, and we can replace a digons with undirected edges 


Definition 2.3. A non empty subset S of a group G is called a Cayley subset if S = S~' and 
lc¢€S. 
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It should be noted that, the Cayley graph depends very much on the given Cayley subset 
as well as on the group. Also Cayley graph T = Cay(G,S)_ has valency |S| and that T = 
Cay(G,S) is connected if and only if S is generating set for G i., (S)=G. 

The complement S of Cayley subset $ with respect to G* = G\ {1g} is also a Cayley 
subset .Because if 2 ¢ S then x ¢ S$ and since S$ is a Cayley subset then 2~! ¢ S .Hence 
x téS ie, S isa Cayley subset. It is clear that The T = Cay(G,S) and T = Cay(G, S$) 
have the same vertex set as G , where vertex g and h are adjacent in T = Cay(G,S) if 
and only if they are not adjacent in T = Cay(G,S) . 


Definition 2.4([4]) A graph map f :T, —> T2 between two graphs Ty and [2 is a graph 


folding if and only if f maps vertices to vertices and edges to edges, i.e., if, 


(1) for each v € V(T1), f(v) ts a vertex in V(T2); 
(2) for each e € E(T;), f(e) ts an edge in E(T2). 


Note that if the vertices of an edge e = (u,v ) € E(T1) are mapped to the same vertex, 
then the edge e will collapse to this vertex and hence we cannot get a graph folding. 

In the case of a graph folding f the set of singularities, }~ f , consists of vertices only. 
The graph folding is non trivial iff 5° f #4. In this case the no. V(f(T1)) < no. V(Ti) , 
also no. E(f(T1)) < no. E(T)) . 


§3. Folding of Cayley Graphs 


In this section we will discuss the folding of Cayley graph T = Cay(G,S) toasubgraph I™ of it. 
We notice that not every Cayley graph T = Cay(G,S) can be folded into a subgraph of it, for 
example, Let G = $3 be the Symmetric group of order 6, G = {(), (1 2) , (13) ,(23) ,(123), 
(13 2 )} and let S ={ (1 2) ,(1 23) ,(1 3 2) } since S is generating set and |S| = 3 , 
so [ = Cay(S3,S ) is connected graph of valency 3. This graph cannot be folded into the 
induced subgraph I* which shown in Figure 1. Because the vertex (2 3) is adjacent with the 
vertices (123) , (1 2) and (1 3) then it can not mapped by any folding to these vertices. 
Also the vertex (2 3) can not mapped to the vertex () because the edge {(1 3) ,(2 3)} has 
no image in I*. Finally the vertex (2 3) can not mapped to the vertex (13 2) because the 
edge {(1 2) ,(2 3)} has no image in I™*. 


() (12) () (12) 
»—4 Se 
(123) (23) (123) 
Tr m 


Figure 1 IT =Cay(G,S) can not be folded into I* 
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It is known that, up to isomorphism , for any finite group G , there is 1 Cayley graph of 
G of valency zero. which is a trivial graph and this graph has a trivial foldings since there are 
no edges, then any graph map on the vertices is a graph folding. 


Theorem 3.1 Let G_ be a finite group and H is a subgroup of G. Then Cayley graph 
T= Cay(G,S) of G with respect to S = H\ {1g} can be folded and the end of these foldings 
is a complete subgraph (clique) K, where r=|H| i.e., 


the map @¢:T = Cay(G,S) — K,. ts graph folding. 


Proof Let G be a finite group and H is a subgroup of G. Define the set S to be 
the subgroup H with the identity removed S = H \ {lc}, so S is closed inverse. Then we 
can define Cayley graph T* = Cay(H,S) as follows, from the definition, there exist an edge 
between {lg} and every element x € S$. Also for all x,y € S there exist an edge between 


them, because, since S is inverse closed, then 
xe .y! €S, ey 'CH and ye tCH = ey !F1 or yx |Fl 
=> sy eS or yx eS 


Then Cayley graph of H with respect to S is a complete graph Ayy; . 

Also we can define Cayley graph IT = Cay(G,S) such that {g,h} be an edge of 
T = Cay(G,S) if gh~' € S and hence gh! an element of H . From the properties 
of cosets gh~! € H implies that Hg = Hh. This means that, two vertices are adjacent if and 
only if they are in the same cosets .Thus T = Cay(G,S$) is a graph depicting or describing 
the cosets of H in G . 

Since the number of the cosets of H in G is the index m = |G: H| , thus there 
are m components in [I = Cay(G,S) each of which is a clique of size |H| ie, Kyy . 
Then T = Cay(G,S) ={H, Hx, H22,...,H¢%m_1} where 2; ¢ H, i=1,2,---,m—1 

We can define a graph maps ¢; : T = Cay(G,S) —> I* = Cay(H,S) by 


gi: V(H«;,) — V(H) , where, ¢;(av;)= a forall acd . 


These are graph foldings since any edge in Hx; be in the form e = {az;, ba;} where a, b © H 
will mapped under ¢ into the edge e’ = {a,b} in H . Then ¢; preserves the edges between 
vertices. The end of these foldings is the folding ¢: T = Cay(G,S) —> K, where K,. isa 
complete subgraph (clique) and r= |H| . 


Example 3.1 Let G= Ds = {a, B|a*= 6 = (a8)? =1; aBa= 8} be the 
dihedral group of order 8, G = {1, a, a”, a®, B, a8, a?B, a6 }. 


(1) Let H =(a) ={1, a, a?, a? } be a subgroup of G. Since His closed inverse 
but not generating set of G and |G: H| =2 .So there exist two cosets of H in G ie, 
H ,HB={8, af, a76B, a8}. Let S =A \ {1}, then T = Cay(Dg,S) has two disjoint 
component { H , H3} each of which is a clique of size r = |H| = 4 , see Figure 2. 
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2) 
wo 

2) 
wo 
DR 
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Figure 2 Folding of Cayley graph T = Cay(Ds,{a, a7, a? } ) 
Then, the map ¢:T = Cay(G,S) — I* =Cay(H,S) © Ky, defined by 


¢:V(HB) — V(H) , where ¢ (a* B)= a* ,i1=0,1,2,3 where a? € H 


This is a graph folding since it preserves the edges between vertices and the limit of the foldings 
is a clique of order 4. 

(2) Let H =( (6) = {1,8} be asubgroup of G , H is closed inverse but not generating 
set of G. Since |G: H| =4, there exist four cosets of H in G ie. { H ,aH,a’?H,a°H } 
Let S =H \ {1}, then [T = Cay(Dg,S) has four disjoint component { H ,wH,a?H,a?H } 
each of which is a clique of size r = 2 , see Figure 3. 


B of -a?8. aPp B 
Figure 3 Folding of Cayley graph T = Cay(Ds,{ } ) 
Then the maps ¢;:T = Cay(G,S) — I* = Cay(A,S) = Ko defined by 
¢: : V(a'H) —+V(H) where ¢; (ata) = a , i=0,1,2,3 where ae H 
are graph foldings and the end of these foldings is a clique of order 2. 


Theorem 3.2 For any finite group G of order n, |G | = 
Cay(G,S) of valency n — 2 can be folded to a clique of order 


Every Cayley graph T = 


[3s 3 


Proof Let G bea finite group of order n, G = {1,@1,G2,-+: ,@n-1 } , let S bea Cayley 
subset of G , since the identity element 1 ¢ S and valency of Cayley graph T = Cay(G, S) 
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is the valency of S ,if [ has valency n—2 so |S| =n-—2. From the definition of Cayley 
graph, the identity element is adjacent to all the elements in S and since T = Cay(G,S) has 
no loop, then there exists exactly one element y € G, y¢S not adjacent with the identity 
element. this means that the two elements which is not in S is not adjacent and they adjacent 
to all elements in S . For any element a; € S' , since ja;j])=n-—2 , {l,a;} € E(T) and 
{y,ai} € E(T) then there exist one element bE S such that {b,a;} ¢ E(T) and a; must 
adjacent to all other elements in S. Then, the vertices of [T = Cay(G,S) can be partitioned 
into } sets {A1,A2,---,A2} each set has two vertices which are not adjacent, for example 
A, ={1l,y}, y¢@S and A; = {az, a, }, ag, ae € S such that a, and a, not adjacent 
and each elements in A; are adjacent to allelementsin Aj, i4Jj, i,j =1, 2, ---,5. 
n 


Then we have a complete 4 partite graph Ko,2.....2 , so we can define } foldings on T as 


follows ¢, : I —> I* defined by 


O(a )=y , tifa, yEA, ik= 1,2,---, 


Is 


are graph foldings and the end of these foldings is a clique of order 3 . 


Example 3.2 Let G=D23 = {a, B|a®= 6B? = (a8)? =1; aGa= 8} be the 
dihedral group of order 6 , G = {1, a, a”, 8, a8, a28}, and S ={a, a’, B, aB}bea 
Cayley subset of G . The Cayley graph T= Cay(D¢,S ) is shown in Figure 4. 


1 a2B 1 
a2 B 1 a 
a ® 
a a3 a a2 a a? 
a2 ZB pB 


Figure 4 Folding of Cayley graph T = Cay(De,{ a, a’, B, a3} ) 


The vertices of the graph I = Cay(De,S ) can divides into 4 =3 sets, each set has two ele- 


ments which are not adjacent in T = Cay(D¢,S ) So we have A; = {1, a2}, Ao = fa, 3}, 
A3 = {a?, a3}. Then we can define three foldings  ¢1( a?) = 1, ¢2( B) = a? and 
$3( a3) =a? . The composition of these foldings is the map ¢ : V([_ = Cay(D6, S$ )) = V(T = 
Cay(D6,S )) defined by 
1 if we Ay 
’ (z)=<a if we Ag 


Q if xe A3 


Since the image of any edge of E (I) will be the edge, then ¢ is a graph folding. 


Proposition 3.1 For any finite group G,|G|=n. Every Cayley graph T = Cay(G,S) of 
valency n —1 can not be folded. 
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Proof Let G bea finite group |G| =n, let S bea Cayley subset of G , since 
valency of Cayley graph T = Cay(G,S) is the valency of S , if IT has valency n—1 so 
|S| =n—1. Then S=G\{l1c} isa generating and closed inverse which implies that Cayley 
graph [ = Cay(G,S) is connected. Let H =SU{1} =G,so H isasubgroup of G and 
the index |G: H| =1 . Then we have one component which is a clique of order |S] =n -1 
ie., [ = Cay(G,S) © Ky-1, so every vertex of IT is adjacent to all other vertices. Then we 
can not define any folding on [I since mapping any vertex to another will collapse the edge 


between them. 


Proposition 3.2 For any finite group G . Every Cayley graph T = Cay(G,S$) of valency 
one can be folded. 


Proof Let G bea finite group |G| = n. Up to isomorphism, there is one Cayley 
graph T = Cay(G,S) of valency one. This graph IT = Cay(G,S$) is disconnected graph 
consists of 5 disconnected components each component is an edge between two vertices. Since 
if S ={a}, a€G we have two cases 


(i) If a is self inverse, a = a~!, then H = {1,a} is subgroup of G. Then from Theorem 3.1 
I = Cay(G, S) consists of disjoint components {H,Ha;}, 2, ¢H, i=1,2,...,4—1, where 
Hf is a clique of order two, i.e., there is an edge between the two vertices on Hx; = {2;,az;}. 


so each Hx; is a clique of order two. This graph T = Cay(G,S) can be folded into H . 


(ii) If a is not self inverse a 4 a , then H is not subgroup of G. Let S = 
H\ {1g} ={a}, then T = Cay(G,S') consists of an edge between elements of H = {1,a }. 
For any other vertex « €G,then 2! €G so there exists only one vertex y € G such that 
xy! =a € H _, which implies an edge between x and y. Then the graph T = Cay(G, S$) 
is disconnected graph consists of disconnected components each component is an edge between 


two vertices, if |G] =n then I consists of 4} disconnecting edges, which can be folded into 


one component. . 


§4. Folding Cayley Graph of Non-Abelian Group 
In this section we will discuss the folding of Cayley graph of finite non-abelian groups. 


Theorem 4.1 For any finite non-abelian group G . Every Cayley graph of G with respect 
to a Cayley subset S ,T = Cay(G,S) , where S is generating set, every elements in it is 
self inverse and |S| = $|G| , can be folded to an edge. 


Proof Let G be a finite non-abelian group, |G] =n and S C G such that S is 
generating set, every elements in it is self inverse and |S| = $|G| . Since the valency of Cayley 
graph IT = Cay(G,S) is equal to the valency of S$ then |[| = |S| = $|G|. If x and 
y¢€S then x !'!=x2ES and y=y!€S but there is no edge between x and y in 
I = Cay(G,S)_, since if there exist an edge between them this must implies that x~ly € S 


1 5 ee 


and x ly=axy ,but cy ¢G because (x y)'=y !'a! =yxF ay . Soto havea 


graph T= Cay(G,S) of valency $|n|, every element in S must connected to every element 
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in G—S. Then we have a complete bipartite graph T= Cay(G,S) = Ka 2. 
Let G = {a1,a2,--- ,@2,b1,b2,---,b2 } = V(L) andlet S ={a1,a2,---,a2 } , then 
each vertex of S is joined to each vertex of (G—S) by exactly one edge, thus 
E(l)= { (a1, 61), (a1, 62) ,++-, (a1, bz) ,(@2, b1), (G2, be) ,--- , (a2, bz) 
yet (dg, Di) 5. (gy Da) y>>> (aa; ba) } 


2 


Now, let 6: V(T) — V(I) bea graph map defined by 


ay if «eS 
by if «ce G-s 


¢ (2) = 


Thus the image of any edge of FE (I) will be the edge (a, bi ), then ¢ is a graph folding. 


Example 4.1 Let G = S3 be the Symmetric group of order 6, G = {(), (1 2) , (13) , (23) ,(123), 
(132 )} and let S ={ (1 2) ,(1 3) ,(2 3) } since S is generating set, every elements in it 

is self inverse and |S| = $|G| = 3 , so T = Cay(S3,S ) has valency 3 and the vertices of T 
can be partitioned into two sets S and G—S such that there are no edges between any two 
vertices on the same set, see Figure 5. Then I = 33 which can be folded by the function 


(1 2) if ce S$ 


aa () if geen 
() 
(12) (13) (23) (12) 
(12 (13) 
® 
(132) 123) 
03) () (123) (132) () 


Figure 5 Folding of Cayley graph T = Cay(S3, {(1 2), (1 3), (2 3) } ) 
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Abstract: Triangle-trees are a kind of graphs derived from Koch networks. The Merrifield- 
Simmons index of a graph is the total number of the independent sets of the graph. We 
prove that Pes is the triangle-tree with maximal Merrifield-Simmons index among all the 


triangle-trees with n triangles and k pendant triangles. 
Key Words: Triangle-tree; Merrifield-Simmons index; pendant-triangle. 


AMS(2010): 05C25. 


§1. Introduction 


The Koch networks (see [10], [13]) are derived from the Koch fractals (see [4], [9]) and are 
constructed iteratively. Let K,,,, (m is a natural number) denote the Koch network after g 
iterations. Then, the family of Koch networks can be generated in the following way: initially 
(g = 0), Km,o consists of a triangle with three nodes labeled respectively by x, y, z, which have 
the highest degree among all nodes in the networks. For g > 1, Km,g is obtained from Ky g—1 
by performing the following operation. For each of the three nodes in every existing triangle in 
Km,g—1, we add m groups of nodes. Each node group contains two nodes, both of which and 
their ‘mother’ node are connected to one another forming a new triangle. In other words, to 
get Km,g from Km,g—1, we can replace each triangle in Ky,g-1 by a connected cluster on the 
right-hand side of the arrow in Fig.1. 

Note that a Koch network does not have any cycle except for the triangles, we can call 


such a graph a triangle-tree. 


Definition 1.1 Let TS (n is a natural number) denote a triangle-tree with n triangles. The 
family of triangle-trees can be generated in the following way: initially n = 1, 7. consists of a 
triangle with three vertices labeled respectively by x,y,z. For n > 2, TS is obtained from TS , 
by adding a pair of new vertices u,v, both of them are joined to a vertex of TA, and the edge 
uv is also added to form a new triangle. In other words, to get TS from TS _,, we add a new 
triangle to T_, by identifying a vertex of the new triangle with a verter of TS , 


lSupported by National Natural Science Foundation of China, No. 11401576. 
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m=1 
=> 

m=2 

Fig.1 

V2 U4 V6 VIn—-2 Van 
U1 U3 U5 U7 V2n—-3 VU2n—-1 V2n41 
PA oF 
Fig.2 


Obviously Koch networks are all triangle-trees. Suppose T“ is a triangle-tree, A is a 
triangle of T’, if there are two vertices with degree two in A, we call the triangle A a pendant 
triangle of T4. The triangle-path P4 (see Fig.2) is the only triangle-tree with only two pendant 
triangles and the triangle-star S (see Fig.2) is the only triangle-tree with n pendant triangles. 
For any two triangles A; and A» of T4, if A; and Az have a common vertex, we say A; and 
As are adjacent, and the distance between A; and Ag is 1, denoted by d(A;, Ag) = 1. If Ay 
and Az, do not have a common vertex, there is only one triangle-path between them. If the 
triangle-path between A, and Ap» contains d triangles, we say the distance between A; and 
A» is d—1, denoted by d(A;, Az) = d—1. The diameter of a triangle-tree is denoted by d4, 
defined as 

d4(TA) = max{d(A, A’) | A, A’are two triangles of TA}. 


Throughout this paper G = (V,£) is a finite simple undirected graph with vertex set 
V = V(G) and edge set HE = E(G). The neighborhood of a vertex v € V is the set Ne(v) = 
{w:w € V,uvw € E}, de(v) = |Ne(v)|, and Nelve] = Ne(v) U {v}. For S C V, we use 
G — S for the subgraph induced by V(G) \ S, G[S] for the subgraph of G induced by S and 
Ng(v) = {w: we S,vw € E(G)}. For F C E(G), we use G— F for the subgraph of G obtained 
by deleting F’. 


Let G be a graph on n vertices. Two vertices of G are said to be independent if they 
are not adjacent in G. A k-independent set of G is a set of k-mutually independent vertices. 
Denote by f,(G) the number of the k-independent sets of G. For convenience, we regard the 
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empty vertex set as an independent set. Then fo(G) = 1 for any graph G. Let a(G) denote 
the cardinality of a maximal independent set of G. 

The Merrifield-Sommons index was introduced by Prodinger and Tichy in 1982, which is 
defined by 


(G) 
(G)=S> f.(@), 
s=0 


although it is called Fibonacci number of a graph in [8]. It is one of the most popular topological 
indices in chemistry, which was extensively studied in monograph [7]. Now there have been 
many papers studying the Merrifield-Simmons index. In [8], Prodinger and Tichy showed 
that, for trees with order n, the star has the maximal Merrifield-Simmons index and the path 
has the minimal Merrifield-Simmons index. In [6], Li et al characterized the tree with the 
maximal Merrifield-Simmons index among the trees with given diameter. In [11], Yu and Lv 
characterized the trees with maximal Merrifield-Simmons indices, among the trees with given 
pendant vertices. For more results on Merrifield-Simmons index, see [1-3], [5] and [12]. 

Due to the similarity of triangle-trees and ordinary trees, it is very interesting to study the 
Merrifield-Simmons indices of triangle-trees. It is easy verify that, among all the triangle-trees 
with n triangles, S4 is the triangle-tree with maximal Merrifield-Simmons index and P4 is 
the triangle-tree with minimal Merrifield-Simmons index. As noting this result is similar to 
the result of ordinary trees, we consider all the triangle-trees with n triangles and k pendant 
triangles. It is very interesting to find that PA, _,, (as shown in Fig. 3) is the triangle-tree with 
maximal Merrifield-Simmos index among all such triangle-trees, and this result is also similar 
to the result of ordinary trees. 


§2. Lemmas and Results 


We first introduce the following lemma, which is obvious and well-known. 


Lemma 2.1 For a graph G, we have 


(1) «(G) = 7(G— v) +i(G — Nv]) for any v € V(G); 
(2) i(G) = 7(G — e) —i(G— N|e]) for any e € E(G); 
(3) If G = G, UG», then i(G) = i(G,)i(G2). 


Using the above lemma, we can derive some recursion formulas on the Merrifield-Simmons 
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index of the triangle-path Pe Denote ay, = PS). It is easy to see that a, = 4, a2 = 10, a3 

24. Let Q, = P“ — v1, where v, is one of the vertices with degree two of the pendant-triangle 
of P4(as shown in Fig 2) and by, = i(Qn). It is easy to see that b, = 3,b2 = 7,b3 = 17. Let 
Ryn = Qn—Ven+1, where v2n+1 is one of the vertices with degree two of another pendant-triangle 


of P“ (as shown in Fig.2). It is easy to see that cy = 2,c2 = 5,c3 = 12. 


By Lemma 2.1, we know 


an = bn + bn—1; 
bn = Gn-1 + bn—1 = Cn + Cn-1, 


Cn = bn—1 + Cn-1- 


So we have 


bn+1 =, 2bn T bn—1, 


Qn+1 = 2an + An-1; 


Cn4+1 = 2Cn + Cn-1- 


Let pe = A,Ag---Apx be a path of a triangle-tree T4, where Aj = vaj—1v2;02i41- If 
dpa(v1) > 6, dpa(von+41) > 6, dpa(va;) = 2 (1 <i<k) and dpa(vai41) = 4 (1 <i<k-—1), 
we call Pe an internal triangle-path of T“. If the triangle Ay = v,v2v3 is a pendant triangle of 
TS, dpa(vop41) > 6, dpa(va:) = 2 (1 <i<k) and dpa(vaiyi1) = 4 (1 <i <k—1), we call P4 
a pendant triangle-path of T4. Let s(T) be the number of vertices in T“ with degree not less 
than 6 and p(T*) be the number of pendant triangle-paths in T4 with length not less than 1. 


aes 
ola, 
ot Operation I INVAVAN noes LONG.) 


ne “a 
T> 


Fig.4 


Denote a, (3 <k <n-—1) be the set of all triangle-trees with n triangles and k pendant 
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triangles. In the following, we shall define two kinds of operations of T“ € Te . and show that 
these two kinds of operations make the Merrifield-Simmons indices of the triangle-tree increase 


strictly. 


If TS e TAT % PA, and p(T4) 4 0, then T* can be seen as the triangle-trees Ts 
or TS. as shown in Fig.4, where A, A---A, (s > 2) is a pendant path of T4 with s triangles, 
G and G2 are two subtriangle-trees of T* and |V(G1)| > 3,|V(G2)| > 3. If TO is obtained 


from T* or TS by Operation I (as shown in Fig.4), it is easy to see that T{S € 7,4... 


Now we show that operation I makes the Merrifield-Simmons indices of the triangle-trees 


increase strictly. 


Lemma 2.2 If TS is obtained from T* or TA by operation I, then i(TS) > i(TA) and 
(TA) > i(TA). 


Proof Let Ne,[v] = Vi, Ne,[u] = V2 in TA, Ne, [u'] = Vs in TS and Ne, [w] = V3 in TS. 


If s > 3, by Lemma 2.1, we have 


(TP) = i(TP—v)+iTP — Neale) 
= i(Gy — v)(2i(Ge = u)bs + i(G2 — V2)bs—1) + i(Gy _ Vi )i(G2 = u)bs, 
(TS) = i(Tss—v) +i(Te — Nralv)) 


I 


i(Gy _ v)(i(G2 u' Jas t i(G2 V3 )bs) t i(Gy Vi )i(Ge = u')bs, 


(Tp) = iT —v)+i(T> - Nea lvl) 
= (Gy = v)(3i(G = W)Cs + i(G2 = V3)Cs—1) 
+1(Gy = V1) (37(Ge _ W)Cs—1 + i(G2 — V3)Cs—2). 


Obviously, 7(G2 — w) = i(G2 — u’) = i(G2 — u) and 1(G2 — V3) = i(G2 — V3) = 1(G2 — Va), 
so we have 
(TS) — (TP) 
= 1(G, — v)i(Gp — u) (3c, — 2b) + 1(Gi1 — v)i(Ge — V2)(es—1 — bs—1) 
i( 


+i(Gy — Vi)i(G2 — u)(8es_1 — bs) + (Gi — Vi)i(Ge — V2)es_2 
= 1(Gy — v)i(Go — u)cs_2 — 1(G1 — v)i(G2 — V2)cs—2 
—1(G, — Vi)i(G2 — w)cs_2 + 1(G1 — Vi)t(G2 — V2)cs_2 
= Cs—2(i(Gi — v) — (G1 — Vi))(i(G2 — u) — i(G2 — V2)). 


Since s > 3,cs-2 > 0, i(Gi — v) —i(G1 — V1) > 0 and (G2 — u) — i(G2 — V2) > 0, we know 
(TS) — i(TA) > 0 when s > 3. 
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Similarly, 


i(Tg*) — i(T>) 

= i(G, — v)i(G2 — u’) (3c, — as) — Vy) (cs—1 — bs) 

+i(G, — Vi)i(Gg — u’)(3ce5_-1 — bs) + a — Vi )i(Gg — Vz)cs—2 

= i(G, — v)i(G2g — u’)(Cs_2 + 2¢s_-1) + 1(G1 — v)i(G2 — V3)(—es_2 — 2€5-1) 
+i(G, — V\)i(G2 — u’)(—es—2) +2 

= ¢s-2(1(Gi — v) — (G1 — V)) (6 

+2c.—11(G1 — v)(i(G2 — u') — i(G2 — Vg)) > 0. 


o + 
8 
| 
= 
= 8 


Therefore, i(TS) — (TS) > 0 when s > 3. If s = 2, similarly, we have 


i(To*) — i(TP) 

= i(Gy _ v)i(G2 u)(3c2 2b2) t iG, v)i(G2 _ V2) (C1 _ bi) 
+1(G1 — Vi)i(G2 — u)(8e1 — bz) + 1(G1 — Vi)i(G2 — Va) 
= (i(Gi — v) — (Gy — Vi))(i(G2 — u) — i(G2 — V2). 


i(Tg) — i(T>) 
= i(G, — v)i(G2 — u’)(3c2 — az) + i(G, — v)i(G2 — V3) (cr — ba) 
+i(G, — Vi)i(G2 — u’)(3c1 — b2) + i(Gi1 — Vi)i(G2 — V3) 
= (i(G1 — v) — (Gi — Vi) (G2 — wu’) — (G2 — V3) 
+4i(G — v)(i(G2 — u’) — i(G2 — Vg)) > 0. 


Therefore, i(TSS) — (TA) > 0 and i(TS) — i(TH) > 0 when s = 2. 


From Lemma 2.2, we can immediately get the following result. 


Lemma 2.3 Let T4 €TA(3<k<n—1),T4S2PA_, andp(T4) > 1. 
n,k k,n-k 


(1) If s(T4) =1, we can finally get a triangle-tree T'* by operation I with i(T’S) > i(T4), 
and p(T’) = 1; it is easy to see that T'* & Peis 

(2) If s(T*) > 1, we can finally get a triangle-tree T’* by operation I with i(T'S) > i(T) 
and p(T'S) = 0. 


If T4 € Te (8<k<n—-1),T4 #P i and p(T) = 0, then we can find two pendant 
triangles A; and A‘ of T* such that d(A,, A) = d4(T4). Suppose Ay = uuju, and A, = 
vu,v,, where ui, wu}, v1, V; are the vertices with degree 2 and d(u) > 6, d(v) > 6. Then the 
triangle-tree can be seen as the triangle-tree T* shown in Fig 5, where Aj, Ao,---,A, are 
pendant triangles with common vertex u, A}, A5,--- , A; are pendant triangles with common 


s t 
vertex v, G, is the subgraph of T“ induced by V(T4) \ ( U V(Ai)U U v(Ai)). 
i=l i=1 
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\ 


Operation IT 


/ 


Fig.5 


Note that if d(A;, Az) = 3, then x = y; if d(A,,A2) > 4, then |V(G,)| > 5. T4 isa 
triangle-tree got from T“ by moving the pendant triangles AS, AS,--- , A, from v to u, and 
T 4 is a triangle-tree got from T4 by moving the pendant triangles Az, A3,--: , As from u to 
v. We say both of T 4 and T’® are obtained from T4 by Operation II. It is easy to see that 
PAT ETA p(T 4) =p 4) = land e(14) =a 4) =3@4) =1, 


Lemma 2.4 If T’4 andT’4 are obtained from TS by Operation II, then either i(T’4) > i(T4) 
or i(T"4) > i(TA). 


Proof If d(A1, 44) > 3, then Ne,(u) = {x,a’} and Ne, [v] = {y,y’}. Note that if 
d(Ay, A) =3, then « = y. By Lemma 2.2, we have 


(TS) = i(T*—-—u)+i(T4 — Nralul) 


3°(3't(Gi) + (Gi — {y, y'})) + 3'(Gi — {x, 2"}}) + (Gi — {2, 2", y,y'}), 


u(r) = i(Tr4—u)+i(7'4 — Npo[u]) 
3°*2(34(G1) + (Gi — {y, y’})) + 34(Gi — {2,2"}) + (Gi — {2,2',y,9'}), 


(T'S) = iS —u) +4(0"4 — Npva[u)) 
3(3°t*?-14(G:) 4 i(Gy = {y, y’})) +4 Bei = {x,2'}) a i(Gy _ {x, 2’, y,y'}). 


It is easy to see that 


i(T'S) - (4) = 3(3-* — 1)(3**4(Ga - {y,y"}) — (Ga - {2,2"})), 
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i(T’4) — (74) = 3(3°-1 — 1)(3*-14(G1 — {2, 2 }) — (G1 — {y, y"}))- 


Note that s,¢ > 2. If i(T’4) — i(T4) < 0, we have 3°-14(G, — {y, y"}) < i(Gi — {x,2’}). 
Then we have 


i(T’) — i(T4) > 3(3°-1 — 1)(8°- 13-1 — 1)i(G1 — {y, y'}) > 0. 
If d(A,, Ai) = 2, we have T’4 = T"4. Suppose Ng, (u) = {v,w}, Na, (v) = {u, w}, then 


i(T 4) —i(T4) = 3(3°-1 — 1)(8°"1 — 1)i(G — w) > 0. 


Therefore, if T'S and T”“ are obtained from T4 by operation II, then either i(T’4) > 
i(T) or (TS) > i(T4). 


Theorem 2.5 Let T4 € Tek Then i(TS) < 3*-1b, p41 +bn_k, the equality holds if and only 
ere i 


Proof By Lemma 2.1, it is easy to see that 


i(Pen—k) Se ae eae ee oar ee 


Since ‘Ts, = {PS} and PS = t apogrteed Bae = {S4) and S4 = Pes we may assume 


3 < k < n-—1. It is sufficient to show that i(T4) < i(PA,_,) for any T4 € 7,4, and 
TS PA. | | 

For T4 € TG <k<n-—1) and T4 Be es we know 1 < s(T4) < n—k, we shall 
show i(T4) < i(PS,_.) by induction on s(T4). “When s(T4) = 1, since T4 # PA _,, we 
have p(T) > 2. By (1) of Lemma 2.3, we have i(T4) < Pee) Suppose the result holds 
for any triangle-tree T“ with s(T’4) = s—1. Let s(T4) = s > 2. If p(T4) 4 0, by (2) 
of Lemma 2.3, we can get a triangle-tree TA € a. such that p(T*) = 0, s(TA) = s and 
i(TA) > i(T4). Then by Lemma 2.4, we can get a triangle-tree TS € T,4, from T/ such that 
p(TH) = 1,8(TA) = s—1 and i(TS) > i(TA). By the induction hypothesis, we have 


iD) S59, ls veep): 


Therefore, if T4 € Shae then a(T4) < 3" byenary + One = (PA, -x) and the equality 
holds if and only if T4 = Pee ke 


Lemma 2.6 For3<k <n, i(PA p40%-2) > (Po gisn_s)- 
Proof By Lemma 2.1, it is easy to see that 
t(D egos) eae ee gee 


UP piece) = 3° 2b, nto + On—k+1- 
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Since bn41 = 2b, + bn_1, we have 


(Penk) - Pe ta e3) = 37°16, gag + bpck — 3" bp ceo + bn eer 


(BP2 1) (bee pie Oe. 


Hencet (Pe pppig se) > (Po aug eos) for Bh SM. 


From Theorem 2.5 and Lemma 2.6, we can immediately get the following result. 


Corollary 2.7 Let T* be a triangle-tree with 2n +1 vertices and n triangles. Then 


(1) i(T74) <3" 41 and the equality holds if and only if TS = SA; 
(2) If T* # S4, theni(TS) < 7x3"—?+43 and the equality holds if and only if T* = Perle: 
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Abstract: In this paper, we study skew cyclic and quasi cyclic codes over the ring S = 


Fo + uF, + uF» where u? = u,v? = v,uv = vu = 0. We investigate the structural properties 


of them. Using a Gray map on S' we obtain the MacWilliams identities for codes over S. The 


relationships between Symmetrized, Lee and Hamming weight enumerator are determined. 
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§1. Introduction 


Since the revelation in 1994 [10], there are a lot of works on codes over finite rings. The 
structure of certain type of codes over many finite rings are determined such as cyclic, quasi- 
cyclic. Recently, it is introduced the class of skew codes which are generalized the notion cyclic, 
quasi-cyclic in [5,6,12,14]. 

In [1], T. Abualrub, P. Seneviratre studied skew cyclic codes over Fy + vFy, v? = v. In [2], 
T. Abualrub, A. Ghrayeb, N. Aydin, I. Siap introduced skew quasi-cyclic codes. They obtained 
several new codes with Hamming distance exceeding the distance of the previously best known 
linear codes with comparable parameters. 

In [4], they investigated the structures of skew cyclic and skew quasi-cyclic of arbitrary 
length over Galois rings. They shown that the skew cyclic codes are equivalent to either 
cyclic and quasi-cyclic codes over Galois rings. Moreover, they gave a necessary and sufficient 
condition for skew cyclic codes over Galois rings to be free. 

Jian Gao, L.Shen, F. W. Fu studied a class of generalized quasi—cyclic codes called skew 
generalized quasi-cyclic codes. They gave the Chinese Remainder Theorem over the skew 
polynomial ring which lead to a canonical decomposition of skew generalized quasi-cyclic codes. 
Moreover, they focused on 1-generator skew generalized quasi-cyclic code in [7]. J.Gao also 
presented skew cyclic codes over F,, + vF, in [8]. 

The MacWilliams identity supplies the relationship between the weight enumerator of a 
linear code and that of its dual code [11]. The distribution of weights for a linear code is 


important for its performance analysis such as linear programming bound, error correcting 
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capabilities, etc. There are a lot of work about the MacWilliams identities in [3,9,15]. 

This paper is organized as follows. In section 2, we give some basic knowledges about the 
finite ring S. In section 3, we define a new Gray map from S to F3, Lee weights of elements 
of S and Lee distance in the linear codes over S. In section 4, we define a new non trivial 
automorphism and we introduce skew codes over S. In section 5, we obtain the MacWilliams 


identities and give an example. 


§2. Preliminaries 


Let S be the ring Fy + uFo + uF where u? = u, v? = v, w = vu = 0 and F = {0,1}, a 
finite commutative ring with 8 elements. S is semi local ring with three maximal ideals and a 
principal ideal ring. It is not finite chain ring. 


The ideals are follows; 


| ae 0) ae OES 

I, = {0,u}, fy = {0,0}, Tauty = {0,l+ut+v} 
Iugu = {0,u,v,u+v}, Ki4u = {0,v,1+u,1+ ut v} 
Kian = {0,ul+v,l+ut+v} 


A linear code C' over S length n is a S—submodule of S”. An element of C is called a 
codeword. 


For any x = (20, 21,°+* ;&n—1), Y = (Yo; Y1;°** » Yn—1) the inner product is defined as 


n—1 
i=0 


If x.y = 0 then x and y are said to be orthogonal. Let C' be linear code of length n over 
S, the dual code of C 
Ct ={a: Vy e€ C,x.4 = 0}, 


which is also a linear code over S of length n. A code C is self orthogonal if C C C+ and self 
dual if C= Ct. 

A cyclic code C over S is a linear code with the property that if c = (co,¢1,--+ ,;€n-1) € C 
then a (C) = (cn-1,0,°+* ;Cn—2) € C. A subset C of S$” is a linear cyclic code of length n iff it 
is polynomial representation is an ideal of S$ [a] / (a” — 1). 

Let C be code over Fy of length n and é = (¢0,41,--: ,én-1) be a codeword of C. The 
Hamming weight of ¢ is defined as wy (¢€) = es wa (¢é;) where wy (é;) = 1 if 6; = 1 and 
wy (é;) = 0 if é; = 0. Hamming distance of C is defined as dy (C) = mindy (c,¢), where for 
any 6€ C,c # é and dg (c,é) is Hamming distance between two codewords with dy (c,é) = 
wy (c—é). 

Let a € F3" with a = (ao, @1,°+* ,@3n—1) = (a Ja™| a®)) , a € FP for i = 0,1,2. Let 
y be a map from F}" to F}" given by y (a) = (a (a) Jo (a)| o (a®)) where o is a cyclic 
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shift from F3 to FP given by o (a) = ((a@"-Y), (a), (aD) ,.-- ,(a"-2))) for every 
a® = (a9)... a") where a) € Fh, 0< j <n—1. A code of length 3n over F2 is said 
to be quasi cyclic code of index 3 if y(C) =C. 


§3. Gray Map 


Let r = a+ ub+ uc be an element of S where a,b,c € F2. We define Gray map WV from S to 
FY by 


VW: Sok 
V(atub+vuc) = (a,a+b,a+c) 


The Lee weight of elements of S are defined wy (a+ ub+ vc) = wH(a,a+b,a+c) where 
wz denotes the ordinary Hamming weight for binary codes. Hence, there is one element whose 
weight is 0, there are u,v,1+u+v elements whose weights are 1, there are 1+u,l+v,u+u 
elements whose weights are 2, there is one element whose weight are 3. 

Let C be a linear code over S of length n. For any codeword c = (co,--+ ,¢n—1) the 
Lee weight of c is defined as wz (c) = yo wr (c;) and the Lee distance of C is defined as 
dy (C) = mind, (c,é), where for any ¢ € C, c  é and dz (c,¢é) is Lee distance between two 
codewords with dz (c,é) = wz (c— 6). Gray map W can be extended to map from S$” to F3”. 


Theorem 3.1 The Gray map W is a weight preserving map from (S™, Lee weight) to (F3", Ham— 


ming weight). Moreover it is an isometry from S” to F3”. 


Theorem 3.2 [fC is an [n,k,dz] linear codes over S then V(C) is a [3n,k, dy] linear codes 


over F5, where dy = dy. 


§4. Skew Codes over $ 

We are interested in studying skew codes using the ring S = Fy +uF)+vF where u? = u,v? = 
v, uv = vu = 0.. We define non-trivial ring automorphism @ on the ring S by 6 (a+ ub + vc) = 
a+vb+uc for alla+ub+uce S. 

The ring S[z,6] = {ap +ayv +++++a@n_12""1! : aj, € S,n € N} is called a skew polyno- 
mial ring. This ring is a non-commutative ring. The addition in the ring S[, 6] is the usual 
polynomial addition and multiplication is defined using the rule, (ax’)(ba?) = a6*(b)x*t). Note 
that 0?(a) =a for all a€ S. This implies that 6 is a ring automorphism of order 2. 


Definition 4.1 A subset C of S” is called a skew cyclic code of length n if C satisfies the 
following conditions, 


(i) C is a submodule of S”; 
(it) If c = (co, €1,°++ »Cn—1) € C, then ag (c) = (9(Cn—1),9(co), vee , 9(Cn—2)) EC. 
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Let (f(a) + (a” —1)) be an element in the set S,, = S [x, 6] /(a” —1) and let r(x) € S [a, 6]. 
Define multiplication from left as follows: 


r(a)(F(x) + (@” — 1)) = r(@) fle) + (@” - 1) 
for any r(x) € S[x, 6]. 
Theorem 4.2 S,, is a left S [x,0]-module where multiplication defined as in above. 


Theorem 4.3 A code C in S,, is a skew cyclic code if and only if C is a left S |x, 6|-submodule 
of the left S'[x, 0|-module Sy. 


Theorem 4.4 Let C be a skew cyclic code in S, and let f(x) be a polynomial in C of minimal 
degree. If f(x) is monic polynomial, then C = (f(a)) where f(x) is a right divisor of (a” — 1). 


Theorem 4.5 Let n be odd and C be a skew cyclic code of length n. Then C is equivalent to 
cyclic code of length n over S. 


Proof Since n is odd, gcd(2,n) = 1. Hence there exist integers b,c such that 2b + nc = 1. 
So 2b=1—nce=1+4+ 2n where z > 0. Let a(x) = a9 + aya +++-+ap_12"~! be a codeword in 
C. Note that x7°a(x) = 07°(ag)a!t2" + 67° (a,)a242” + +--+ 078 (Qn—1)a"t*” = an—1 + aot + 
++ 4+G@n—92"-? € C. Thus C is a cyclic code of length n. 


Corollary 4.6 Let n be odd. Then the number of distinct skew cyclic codes of length n over S 
is equal to the number of ideals in S [x] /(x" —1) because of Theorem 7. If x” —1 = |]j_9 p;' (2) 
where p;(x) are irreducible polynomials over F,. Then the number of distinct skew cyclic codes 
of length n over S is T];_9(si + 1)?. 


Example 4.7 Let n = 15 and g(x) = 24 +23 +2?+2+1. Then g(x) generates a skew cyclic 
codes of length 15. This code is equivalent to a cyclic code of length 15. Since x!° — 1 = 
(2 + 1)(a? +2 4+1)(24 +24 1)(24 4+ 23 4 1)(c* + 23 + oc? +2 +1), it follows that there are 2° 


skew cyclic code of length 15. 


Definition 4.8 A subset C of S” is called a skew quasi-cyclic code of length n if C satisfies 


the following conditions: 


(i) C is a submodule of S”; 
(00). If e = "(ego ** 5 Cont, 61,03"? yOLdaty*** yes=1,05)7** 9 2a-it1) © C, then.76,.7 (e) = 
(0(€s_1,0),*++ ,9(€s—1,1-1), 9(€0,0),°+* , O(€0,-1), 9(€s—2,0),°** » 9(Es—2t-1)) € C. 


We note that 7° — 1 is a two sided ideal in S [s, 6] if m|s where m = 2 is the order of 0. So 
S [x, 6] /(x* — 1) is well defined. 

The ring M! = (S [x, 6] /(@* —1))! is a left M, = 9 [x, 6] /(x*® — 1) module by the following 
multiplication on the left f(x)(gi(x),--+ ,g:(@)) = (f(a)gi(),--- , f(x)gi(a)). If the map ¥ is 
defined by 

425" — M! 
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(€0,0)°** +€0,t-15 €1,0,°** 5 €1,i-1)°** » €e—1,0)°** »€s—1t-1) + (€o(x),--+ , c¢-1(a)) such that e;(x) = 
ys e;,;7' € M! where j = 0,1,--- ,1—1 then the map ¥ gives a one to one correspondence 
S” and the ring M!. 


Theorem 4.9 A subset C of S” is a skew quasi-cyclic code of length n = sl and index | if and 
only if y(C) is a left S,-submodule of M!. 


§5. MacWilliams Identities 


Let the elements of S be represented as S = {f1, fo,--- , fg} = {0,l,u,v,l+tu,l+v,ut+v,14 


? 


u +} where the order of elements is fixed. 


Definition 5.1 Define y : S —> C* by x(a+ub+uc) = (—1)**?t. y is a non-trivial character 
of each non-zero ideal I of S. Hence we have )°,<-, x(a) = 0. 


Lemma 5.2 Let C' be a linear code over S of length n. Then for anym € S”, 


S ee 0, if m¢ Ct 


cEeC IC| af me ct 


n~ 


Theorem 5.3((11]) Let C be a linear code over S of length n and f(c) = di megn X(e-m) f(m). 
Then mec f(m) = oT eee f(c). 


Let A is a 8 x 8 matrix.A matrix defined by A(i,j) = x(fif;). The matrix A is given as 
follows 


1 1 1 1 1 1 1 
—1 1 1. PS 1 i | 


a 
lI 
See Be Be Se Se Se Be 


Definition 5.4 Let C be a linear code of length n over S, then Leec(,y) = do cec gin— wr (e) wr (e) 
can be called as the Lee weight enumerator of C and Hamo(a,y) = Seer ealeyeee) can 


be called as the Hamming weight enumerator of C’. Besides, 


Swec(2,y,2,w) = S- gol) yra(e) 2ma(e) ayna(c) 
cEeC 


is the symmetric weight enumerator where n;(c) denote the number of elements of c with Lee 
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weight 0,1, 2,3, respectively. 


Definition 5.5 The complete weight enumerator of a linear code C over R is defined as 
cweo(#1, #2,°+* ,28) = Dee ay eoe apts(©) where n¢,(c) is the number of appearances of fi 


in the vector c. 


The complete weight enumerator gives us a lot of information about the code, such as the 
size of the code, the minimum weight of the code and the weight enumerator of the code for 


any weight function. 


We can define the symmetrized weight enumerator as follows. 


Definition 5.6 Let C be a linear code of length n over S. Then define the symmetrized weight 
enumerator of C as 


Sweo(a, y, 2, w) = cweg (2X, W, Y, Ys 2 2 2, Y) 


Here « represents the elements that have weight 0 (the 0 element), y represents the elements 
with weight 1 (the elements u,v, 1+u+v), z represents the elements with weight 2 (the elements 
1+u,l+v,u+v), w represents the elements with weight 3 (the element 1). 


Theorem 5.7 Let C be a linear code of length n over S and let C+ be its dual. Then 


cweg. (#1, %2,°++ , tg) = qowen(A.(a1 xq -++ 2g)') where ()' denotes the transpose. 


Theorem 5.8 Let C be a linear code of length n over S and let C+ be its dual. Then 
Sweos (x,y, 2,w) = pp Swec(a + w + 8y + 32,2 w — 8y+3z,c-wty-—z,c7+w-—y-2). 


Proof The proof follows simply from calculating the matrix product 


A(twyyzzzy)! 


where ()' denotes the transpose. 


Theorem 5.9 Let C be a linear code of length n over S. Then, 
(it) Leegi(a,y) = qo Leec(« +y,@—y). 


Proof («) Let wz(c) = ni(c) + 2n2(c)+3n3(c) where n;(c) denote the number of elements of 
c with Lee weight 0,1, 2,3, respectively. Since n = no(c) + n1(c) + na(c) + n3(c), 8n — wz(c) = 
3no(c) + 2n1(c) + n2(c). From the definition, 


Leec(a,y) = os gir wr (c)gywr(c) - os 8Po(e)+2ni (c) +n2(c)_ym1 (c) +2n2(c)+3ns(c) 
cEeC cEeC 


= S728 (a?y)MO Yay = Swee(a?, 27y, y7a, y*) 
cEC 
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(ii) From Theorems 5.7 and 5.8, 


1 
Leegi(x,y) = Tel haachoal + 8a7y + 3y2a + y?, 2? — y? — 3a7y + 3zy?, 


gy? = y? + x7y — xy", x? +y? _ xy — ry”) 


3(@t+y)(e-y),(@-y)P (e+), (e@-9)*) 


= aswecl(a + y) 


1 
= jar +y,%-y). 


Theorem 5.10 Let C' be a linear code of length n over S. Then we have 


(i) Hame.(2,y) = wtame(a + 7y,x—y); 
(ii) Hamo(x,y) = Swec(2,y,y,¥): 


Proof (i) It is straightforward from [13]. 
(it) The Hamming weight wyz(c) is defined as wy(c) = no(c) + n1(c) + ne(c) + n3(c). 


Hamo(2,y) = ye gh wH (6) wa (c) = 3 0 (6) yr (c) +n2(c)+ns(c) 
cEC cEC 
= Sweo(2,y,¥,y)- 


Example 5.11 Let C = {(0,0),(v,v)} be a linear code of length 2 over S. The Lee weight 


enumerator is Leeg(x, y) = 2° + x4y?; the Hamming enumerator is Hamc(x,y) = 2? + y?. Lee 
y y & y 


weight enumerator of C+ is Leegi(z,y) = 2° + 4x°y + Txty? + 823y? + 7r7y* + Sry? + y®; 


Hamming weight enumerator of C+ is 


Hame.(a,y) = x? + 6xy + 25y?. 
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Abstract: Let G be a graph. If u,v € V(G), a u— v geodesic of G is the shortest path 
between u and v. The closed interval I[u, v] consists of all vertices lying in some u - v 
geodesic of G. For S C V(G) the set I[S] is the union of all sets I[u, v] for u,v ES. A set S 
is a geodetic set of G if 1(S) = V(G). The cardinality of a minimum geodetic set of G is the 
geodetic number of G, denoted by g(G). In this paper, we study the nonsplit geodetic number 
of a graph gns(G). The set S C V(G) is a nonsplit geodetic set in G if S is a geodetic set and 
(V(G) —S) is connected, nonsplit geodetic number gns(G) of G is the minimum cardinality 
of a nonsplit geodetic set of G. We investigate the relationship between nonsplit geodetic 
number and geodetic number. We also obtain the nonsplit geodetic number in the cartesian 


product of graphs. 


Key Words: Cartesian products, distance, edge covering number, Smarandachely k- 


geodetic set, geodetic number, vertex covering number. 
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§1. Introduction 


As usual n = |V| and m = |E| denote the number of vertices and edges of a graph G respectively. 
The graphs considered here are finite, undirected,simple and connected. The distance d(u, v) 
between two vertices u and v in a connected graph G is the length of a shortest u—v path in 
G. It is well known that this distance is a metric on the vertex set V(G). For a vertex v of 
G, the eccentricity e(v) is the distance between v and a vertex farthest from v. The minimum 
eccentricity among the vertices of G is radius, rad G and the maximum eccentricity is the 
diameter, diam G. A u—v path of length d(u, v) is called a u—v geodesic. We define I[u, v] to 
the set (interval) of all vertices lying on some u—v geodesic of G and for a nonempty subset S of 
V (G), I[S] = Uuvest[u, v]. A set S of vertices of G is called a geodetic set in G if I[S] = V(G), 
and a geodetic set of minimum cardinality is a minimum geodetic set, and generally, if there is 
a k-subset T of V(G) such that I(.S) JT = V(G), where 0 < k < |G| —|S|, then S is called a 
Smarandachely k-geodetic set of G. The cardinality of a minimum geodetic set in G is called 
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the geodetic number and is denoted by g(G). The concept of geodetic number of a graph was 
introduced in [1,4,7], further studied in [2,3], and the split geodetic number of a graph was 
introduced in [10]. It was shown in [7] that determining the geodetic number of a graph is an 
NP-hard problem. 


A set of vertices 5 in a graph G is a nonsplit geodetic set if S is a geodetic set and the 
subgraph G[V — S] induced by (V(G) — S) is connected. The minimum cardinality of a nonsplit 
geodetic set, denoted gns (G), is called the nonsplit geodetic number of G. 


Figure 1.1 


Consider the graph G of Figure 1.1. For the vertices u and y in G d(u,y) = 3 and every 
vertex of G lies on an u — y geodesic in G. Thus S = {u,y} is the geodetic set of G and so 
g(G). Here the induced subgraph (V(G) — S) is connected. So that S is a minimum nonsplit 
geodetic set of G. Therefore nonsplit geodetic number gns5(G) = 2. 


A vertex v is an extreme vertex in a graph G, if the subgraph induced by its neighbours 
is complete. A vertex cover in a graph G is a set of vertices that covers all edges of G. The 
minimum number of vertices in a vertex cover of G is the vertex covering number ap (G) of G. 
An edge cover of a graph G without isolated vertices is a set of edges of G that covers all the 
vertices of G. The edge covering number a, (G) of a graph G is the minimum cardinality of an 
edge cover of G. For any undefined term in this paper, see [1, 6] 


§2. Preliminary Notes 


We need the following results to prove our results. 


Theorem 2.1 Every geodetic set of a graph contains its extreme vertices. 
Theorem 2.2 For any tree T with k pendant vertices, g(T) = k. 


Theorem 2.3 For any graph G of order n, a1(G) + B1(G) =n. 
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Theorem 2.4 For cycle C,, of order n > 3, 


2 if n even, 


3 if n odd. 


g(Cn) = 


Theorem 2.5 If G is a nontrivial connected graph, then g(G) < g(G x Ko). 


§3. Nonsplit Geodetic Number 


Theorem 3.1 For cycle C;, of order n > 3, 


Z+41 if n is even, 


9ns(Cn) = % : : 
|S) +2 ifn is odd. 


Proof Suppose C;, be cycle with n > 3, we have the following 


Case 1. Let n be even. Consider Cop = {v1,v2,--- ,Vap,vi} be a cycle with 2p vertices. 
Then vp+1 is the antipodal vertex of v;. Suppose S = {vi,vp41} be the geodetic set of G. 
It is clear that (V(G) — S$) is not connected. Thus S is not a nonsplit geodetic set. But 
S” = {v1,v2,--+ ,Up41} is a nonsplit geodetic set of G. So that gns(G) < (p +1). If 51 is any 
set of vertices of G with |Sj| < |S’| then S; contains at most p-elements. Hence V(G) — Sj is 
not connected. This follows that gns(G) =p+1=$+1. 


Case 2. Let n be odd. Consider Cop41 = {v1,v2,--+ ,vap41,vi} be a cycle with 2p+1 
vertices. Then vp41 and vp+2 are the antipodal vertices of v;. Now consider S = {v1, Up+1, Up+2} 
be the geodetic set of G and it is clear that (V(G) — S) is not connected. Thus S is not a 
nonsplit geodetic set. But S’ = {v1,v2,--+ , Up41,Up42} is a nonsplit geodetic set of G so that 
Gns(G) < p+2. If 5; is any set of vertices of G with |.S;| < |.S”| then 5S; contains at most 
p-elements. Hence (V(G) — $1) is not connected. This follows that 


n 


2 


gns(G) =p +2=| | +2. 


Theorem 3.2 For any nontrivial tree T with k-pendant-vertices, then gns(T) = k. 


Proof Let S = {v1,v2,---,vux} be the set containing pendant vertices of a tree T. By 
Theorem 2.2, g(T’) > |S|. On the other hand, for an internal vertex v of T there exist pendant 
vertices x,y of T such that v lies on the unique x-y geodesic in T. Thus, v € I[S] and I[S] = 
V(T).Then g(T) < |S|. Thus S itself a minimum geodetic set of T.Therefore g(T) = |S| =k 
and (V — S$) is connected. Hence gns(T) = k. 


Theorem 3.3 For any integers r,s > 2,9ns(Krs) =r+s5-—1. 


Proof Let G =K,,s, such that U = {u1, u2,-+: , ur}, W = {w1, wo,--- , ws} are the partite 
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sets of G, where r < s and alsoV =UUW. 

Consider S = U UW —« for any « € W. Every we EW, 1 < k < s—1 lies on uy — u; 
geodesic for 1 <i #j <r, so that S is a geodetic set of G. Since (V(G) — S$) is connected and 
hence S itself a nonsplit geodetic set of G . Let S’ be any set of vertices such that |.S”| < |S|. If 
S’ is not a subset of U then (V(G) — S$’) is not connected and so $" is not a nonsplit geodetic 
set of G. If S’ is not a subset of W — x, again S’ is not a nonsplit geodetic set of G, by a 
similar argument.If S’ = U then S’ is a geodetic set but (V(G) — S$’) is not connected, so 
S’ is not nonsplit geodetic set. If S’ = W — x then S” is not a nonsplit geodetic set of G. 
From the above argument, it is clear that 5S is a minimum nonsplit geodetic set of G. Hence 
9ns(Kr, s) = |S] =r+s—1. 


Theorem 3.4 If G is a star then gns(G) =n-— 1. 


Proof Let V(G) = {v1, v2,+++ ,Un—1, Un} and let S = {v1, v2,--+ ,Un—1} be the set of pen- 
dant vertices of G and is the geodetic set of G. Clearly, the subgraph induced by (V(G) — S = up) 
is connected. Hence S = {v1,v2,--+ ,Un—1} is a minimum nonsplit geodetic set of G. Therefore 
9Ins(G) =n—-1. 


Theorem 3.5 For any nontrivial connected graph G different from star of order n and diameter 
d, Gns(G) <n-—d+1. 


Proof Let u and v be the vertices of G for which d(u,v) = d and let u = vo, U1,°-++ ,Va =U 
be a u—v path of length d. Now S = V(G) — {v1,v2,--+ ,va—-1} then I[S] = V[G] and 
consequently gns(G) < |S|<n—d+1. 


Theorem 3.6 For any tree T, gns(T) + 9(T) < 2m. 


Proof Suppose S = {v1,v2,v3,°-: , Ue} be the set of all pendant vertices in T , forms a 
minimal geodetic set of [[S] = V(Z) . Further {uz, ue, us,--- ,uw} C V(G) — S is the set of 
internal vertices in T. Then (V(G) — S) forms a minimal non split geodetic set of T, it follows 
that |S] +|S| < 2m. Hence gns(T) + g(T) < 2m. 


Theorem 3.7 For any graph G of order n, gns(G) < gs(G), where G is not a cycle.. 


Proof Let G be any graph with n vertices. Consider a nonsplit geodetic set S = {v1, v2,--+ , Uk} 
of a graph G. Since (V(G) — S) is connected, the set S is not a split geodetic set of G. Now, 
we consider a set 5S’ = SU {a,b} for any a,b € V(G) such that (V(G) — S’) is disconnected. 
Therefore S’ is the split geodetic set of G with minimum cardinality. Thus |S] < |S’|. Clearly 
Ins(G) < gs(G). 


Theorem 3.8 Let G be a cycle of order n then gs(G) < gns(G). 


Proof Let G be a cycle of order n, we discuss the following cases. 


Case 1. Suppose n is even. Let S = {u;,v;} be the split geodetic set of G where v;, v; are the 
two antipodal vertices of G. The v; — v; geodesic includes all the vertices of G and (V(G) — $) 
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is disconnected. But S’ = {v;,vj41,--: , vj} is a nonsplit geodetic set of G and the induced 
subgraph (V(G) — $’) is connected. Thus || < |S’|. Clearly gs(G) < gns(G). 


Case 2. Suppose n is odd. Let S = {v;, v;, ve} be the split geodetic set of G. By the Theorem 
2.4, no two vertices of S form a non split geodetic set and (V(G) — S) is disconnected. But 
S’ = {v;, Vi-1,°+* ,U;, Ue} is a nonsplit geodetic set of G and the induced subgraph (V(G) — S$’) 
is connected. Thus |S| < |S’|. Clearly g.(G) < gns(G). 


Theorem 3.9 For the wheel W,, = ki + Cn-1 (n> 5), 


if n is even 


not if n is odd 


Jns(Wn) = 


3 ls 


Proof Let W,, = K,+C,-1 and let V (W,,)={2, ur, u2,-++ ,Un—1}, where deg(x) =n—1> 
3 and deg(u;) = 3 for each 7 € {1,2,---,n—1}. We discuss the following cases. 


Case 1. Let n be even. Consider geodesic 


Ps {u1, U2, uz} ’ Q : {us, UA, Us} yes R: {U2n—1, U2n, U2n+1; } 
It is clear that the vertices u2, U4+-+ , Wan lies on the geodesic P, Q and R. Also uy, u3,U5,--° , 
U2n—1, Uan+1 iS a Minimum nonsplit geodetic set such that (V(G) — S) is connected and it has 


n 


% vertices. Hence gns(Wn) = §.- 


Case 2. Let n be odd. Consider geodesic 


P: {uy,ue,u3},Q: {uz, us, us},--:, R: {tan—1, Yen, vant, }- 
It is clear that the vertices u2, u4,--- , Un lies on the geodesic P, Q and R. Also uy, us, us, 
- ,U2n—1, U2n+1 iS a minimum nonsplit geodetic set such that (V(G) — S) is connected and it 


has not vertices. Hence gns(Wn) = =. 


Theorem 3.10 Let G be a graph such that both G and G are connected then gns(G@) + gns(G) < 
n(n — 3) +2. 


Proof Since both G and G are connected , we have A(G)-A(G) < n—1.Thus 6(G), 8o(G) > 
2. Hence, 


Ins <N-—1> gns(G) < 2(n—1) —n +1 > gns(G) < 2m—n+4+1. 


Similarly, gns(G) < 27™—n-+1. Thus, 


9ns(@) + Gns(G) < 2(m+ (M)) —2n+2 => Gns(G) + Gns(@) < n(n — 1) —2n+42 
=> gns(G) + gns(G) <n? —n-2n+2 
=> Gns(G) + gns(G) < n* —3n+2 
(G) (G) 


=> Yns 


Theorem 3.11 For any nontrivial tree T, gns(T) > ao(T). 
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Proof Let S be a minimum cover set of vertices in T. Then S has at least one vertex and 
every vertex in S is adjacent to some vertices in (V(G) — S). This implies that S is a nonsplit 
geodetic set of G. Thus gns(T) > ao(T). 


Theorem 3.12 For any nontrivial tree T with m edges, gns(T) < m— pu) +2,where a;(T) 


is an edge covering number. 


Proof Suppose S’ = {e1,€2,---: ,e;} be the set of all end edges in T and J C E(T) — S’ 
be the minimal set of edges such that |S’ U J| = ai(T). By the Theorem 2.2 $” is the minimal 
geodetic set of G. Also it follows that (V(G) — S’) is connected. Clearly, 


anal) < |B(T)|~ |] = 2"]) +2 gual) <m— |X) 2 


Theorem 3.13 For a cycle Cy, of order n, gns(G) = ao(Cn) +1. 


Proof Consider a cycle C,, of order n. We discuss the following cases. 


Case 1. Suppose that n is even and ao(C;,,) is the vertex covering number of C;,. We have by 
Theorem 3.1, gns(G) = $ +1 and also for an even cycle, vertex covering number ao(C;,) = #. 
Hence, 


gns(G) = 5 +1 = a0(Cn) +1. 


Case 2. Suppose that n is odd and ao(C;,) is the vertex covering number of C;,. We have by 
Theorem 3.1, gns(G) = |] + 2 and also for an odd cycle, vertex covering number ag(Cp) = 
LJ] +1. Hence, 


Gns(G) = (5) +2 ns(G) = a0(Cn) + 1. 


Theorem 3.14 [fis a connected noncomplete graph G of order n,gns < (n—K(G)) +1, where 
K(G) is vertex connectivity. 


Proof Let «(G) = k. Since G is connected but not complete 1 < K(G) < n—2. Let 
U = {u1, u2,--- , ux} be a minimum cut set of G, let G1, Go,--- ,G,(r > 2) be the components 
of G—U and let W = V(G) — (U — 1) then every vertex u;(1 <i < k) is adjacent to at least 
one vertex of G; for every (¢ < j <r). Therefore, every vertex u; belongs to a W geodesic 
path. Thus 


§4. Corona Graph 


Let G and H be two graphs and let n be the order of G. The corona product Go H is defined as 
the graph obtained from G and H by taking one copy of G and n copies of H and then joining 
by an edge, all the vertices from the i'”-copy of H with the i*”-vertex of G. 


Theorem 4.1 Let G be a connected graph of order n and H be any graph of order m then 
9Gns(Go H) =nm. 
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Proof Let S be a nonsplit geodetic set in Go H, vy, € V(G),1<i<nandu,; € V(H),1< 
j <m. For each vu; there is a copy Hv; which contains u,; vertices. Clearly V(Hu,;) 1S isa 
geodetic set of Go H and (V(G) — S) is connected. Further every wz, € (Go H) lies on the 
geodesic path in S. Therefore S is the minimum nonsplit geodetic set. Thus, |S] = gns(GoH) = 


nm. 


§5. Adding a Pendant Vertex 


An edge e = (u,v) of a graph G with deg(u) = 1 and deg(v) > 1 is called an pendant edge and 
u an pendant vertex. 


Theorem 5.1 Let G’ be the graph obtained by adding an pendant edge (u,v) to a cycle G = C;, 
of ordern > 3, withue G andv ¢ G, then 


2 ifn is even 


3 ifnis odd 


gnalG") = 


Proof Let {u1, u2,U3,°++ ,Un, ur} be a cycle with n vertices. Let G’ be the graph obtained 
from G = C,, by adding an pendant edge (u,v) such that u € G and v ¢ G. We discuss the 
following cases. 


Case 1. For G = C2, let S = {v,u;} be a non split geodetic set of G’ , where v is the pendant 
vertex of G’ and diam(G’) = v — u; path , clearly I[S] = V[G’]. Also for all x,y € V(G’) —S, 
(V(G") — S) is connected. Hence, gns(G’) = 2. 

Case 2. For G = Con41, let S = {v,a,b} be a non split geodetic set of G’ , where v is 


the pendant vertex of G’ and a,b € G such that d(v,a) = d(v,b). Thus I[S] = V[G’] and 
(V(G") — S) is connected. Hence, gns(G’) = 3. 


Theorem 5.2 Let G’ be the graph obtained by adding a pendant vertex (uj, vi) fori = 1,2,3,---,n 
to each vertex of G=C,, such that u € G,v; ¢ G, then gns(G’) = k. 


Proof Let G = C, = {u1,u2,U3,°+: ,Un, ui} be a cycle with n vertices. Let G’ be the 
graph obtained by adding an pendant vertex {u;, vi},2 = 1,2,3,--- ,n to each vertex of G such 
that u; € G and v; ¢ G. Let S = {v, v2, U3,--- ,uR} be a non split geodetic set of G’. Clearly 
I[X] £ V(G’). Also, x,y € V(G’) — S with V(G’) — S connected. Thus, gns(G’) = k. 


Theorem 5.3 Let G’ be the graph obtained by adding k pendant vertices {(u,v1),°-++ ,(u, UK) } 
to a cycle G = C,, of order n > 3, with ue G and {v1, v2,-+: , Un} ¢ G. Then 


k+1 ifn is even 
k+2 if nis odd 


Ins(G") = 


Proof Consider {u1,u2,U3,°+: ,Un, Ui} be a cycle with n vertices. Let G’ be the graph 
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obtained from G = C;, by adding k pendant edges {ujv1, wiv2,--- , weve} such that u; a single 
vertex of G and {v1, v2, U3,°-: , Ue} does not belongs to G. We discuss the following cases. 


Case 1. Let G = C2,. Consider X = {v1, v2,03,°-: , ve} Uu; , for any vertex u; of G . Now 
S = {X} be anon split geodetic set , such that {v1, v2, u3,--+ , ug} are the pendant vertices of G’ 
and u, is the antipodal vertex of u; in G. Thus [[X] = V[G’]. Consider P = {v1, v2, u3,-+- , vk} 
as a set of pendant vertices such that |P| < |.S| is not a non split geodetic set i.e for some vertex 
uj € Var ju; ¢ I[P]. If P = X, then P is not nonsplit geodetic set. Thus S is a minimum non 
split geodetic set of G’ and (V(G’) — S) is connected. Thus, gns(G’) =k +1. 


Case 2. Let G = Con41. Consider S = {v1,v2,03,--: , Ug, a,b} be a non split geodetic set, 
where {v1,v2,---,uz} ¢ G are k pendant vertices of G’ not in G and a,b € G such that 
d(u,a) = d(u,b). Thus I[S] = V[G’]. Also z,y € V(G’) — S it follows that (V(G’) — S) is 
connected. Therefore, gns(G’) =k + 2. 


§6. Cartesian Products 


The cartesian product of the graphs H, and Hz written as H, x Ho, is the graph with vertex 
set V(H1) x V(H2), two vertices ui, ug and v1, v2 being adjacent in Hy x Ho iff either uy = v1 
and (uz, v2) € E( Aa), or ug = v2 and (wu, 11) € F(A). 


Theorem 6.1 Let Ky and G=C,, be the graphs then 


2 if n is even 
Gns(Ko x G)=¢ 3. ifn>5 is odd 
4 if n=3 


Proof Consider G = C;,, let Kz x G be graphs formed from two copies G; and G2 of G. 
Let V = {v1, v2,--: , Un} be the vertices of G; and W = {w1, we,--: , wn} be the vertices of G2 
and U=VUW. We consider the following cases. 


Case 1. Let n be even. Consider S = {v;, w;} be the non split geodetic of K2 x G such that v; 
to w,; path is equal to diam(K2 x G) which includes all the vertices of Kz x G. Hence (U — S) 
is connected. Therefore, gns[K2 x G] = 2. 


Case 2. Let n be odd. Consider S = {v;, w;, vx} be the non split geodetic set of K2 x G such 
that v; to w; path is equal to diam(K2 x G) and is equal to w; —vgpath and also vu; — w; Uw; — vp 
path includes all the vertices of K2x G. Hence (U — S$) is connected. Therefore, gn5[K2 x G] = 3. 


Case 3. For n = 3, let S = {v;,w;, ue} be the geodetic set of Ky x G, that is v; — w; is 
equal to diam(Ke2 x G) and is equal to w; — vg and also I[S] = U(K2 x G). But (U — S) is not 
connected. Let S’ = SU {un} = {ui, Wj, Ue, Un} be the non split geodetic set of Kz x G. Hence, 
(U — S’) is connected. Therefore, gns[K2 x G] = 4. 


Theorem 6.2 For any complete graph K,, of order n, gns(K2 x Kn] =n+1. 
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Proof Consider K2 x Ky, be graph formed from two copies of G; and G2 of G. Now, let 
us prove the result by mathematical induction, 

For n = 2 , gns(ko x K2] = 3, since Kg x Ky = Cy by Theorem 3.1 we have gn[C4] = 3 the 
result is true. 

Let us assume that the result is true for n=m,that is gns[K2 x Km] = m+1. 

Now, we shall prove the result for n = m+1. Let S = {v1, v2, U3,+++ , Um+2} be the nonsplit 
geodetic set formed from some elements in G and the elements which are not corresponds to 
elements in G, of Ky x Kim4i. Clearly I[S] = V(K2 x K,,). Let P be any set of vertices 
such that |P| < |S|. Suppose P = {v1,v2,v3,-++ ,Um} which is not non split geodetic set, 
because I[P] # V[K2 x Km+i]. So S itself a minimum geodetic set of Ky x Km+41. Hence, 
9ns| Ke X Kmail] =m+1+1. Thus, gns(Ko x Kn) =n +1. 


Theorem 6.3. For any complete graph of ordern > 3 , gns(Kn X Kn) =n. 


Proof We shall prove the result by mathematical induction, For n > 3, let us assume that 
the result is true for n = m, that is gns(Km xX Km) =m. 

Now, we shall prove the result for n = m+ 1. Let S = {v1, v2, U3,-++ ,Um+41i} be the non 
split geodetic set formed from some elements in G, and the elements which are not corresponds 
to elements in G; of Km4i1 X Km4i. Clearly I[S] = V(K2 x K,,) . Now, consider P be any set 
of vertices such that |P| < |S]. Suppose P = {v1, v2, v3,++: , Um} which is not non split geodetic 
set, because I[P] A V(Kim4i X Km4i). So S itself a minimum geodetic set of Kin41 X Km. 
Hence, gns(Km4i X Km+4i1) =m+1. Thus gns(Kyn X Kn) = 7. 


Theorem 6.4 Let G and H be graphs then gns(G x H) > max{g(G), g(H)}.Equality holds 
when G,H are complete graphs and n > 3. 


Proof If S is a minimum geodetic set in G x H then we have I[S] = Uapesl[a,b] = 
Ua,best ar, bi] x Taz, b2] C (Var tresZ[a1, b1]) < (Uas,r2es![a2, b2]) = [$1] x I[$2],V(G x H) = 
I[S] C I[S;] x I[S2]. Therefore S, and Sp geodetic set in G, H respectively, so gns(G x H) = 
|S| > max{|s1|, |s2|} > max{g(G), g(H)}, proving the lower bound. 

Consider complete graphs G, H with vertex sets V(G) = {u1, ue,--: ,Up} and V(H) = 
{U1,U2,°++ ,Uq} where without loss of generality p > gq. Then g(G) = p and g(H) = q. Let 
S = {(u1, v2), (U2, V2),°++ , (Ug, Ug), (Ug-+1; Vg), (Ug-+2,Uq)s*** » (Up, Ua) F- 

It is straight forward to verify that S is a non split geodetic set for G x H. Hence, 
9ns(G x H) < |S| < p= max{g(G), g(H)} < gns(G x H), so equality holds. 


Theorem 6.5 Let G=T and H = Ko be the graphs with g(G) = p > g(H) = ¢ = 2 then 
Gns(G x H) < pq 4. 


Proof Set X =Gx H. Let S = (91, 92,..-, 9p} and T = {hi,he,--- , hg} be the geodetic 
sets of G and H respectively, and U = {(S x T)/ UP, {(gi, hy) }- 

We claim that Ix[U] = V(X). Let (g,h) be an arbitrary vertex of X.Then there exists 
indices 7 and 7’ such that g € Ig[gi, gv] and there are indices j and j’ such that h € In[h;, hj]. 
Since p,q > 2 we may assume that 7 = 7’ and 7 = j’. Indeed ,if say g = g; then 7’ to be an 
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arbitrary index from {1,2,--- ,p} different from7. Set B = {(gi, h;), (gi, hy’), (gir, hy), (gir, Ry) }- 

Suppose that one of the vertices from B is not in U. We may without loss of generality 
assume (g;,h;) AnU. This means that i = j. Therefore i’ # j andi # j’. Then we infer 
that (g,h) € Ix[(gi,hy-), (gv, h;)]. Otherwise, all vertices from B are in U, then (g,h) € 
Ix (gi, hy), (gir, hy)|. Hence, gns|G x H] < pq —4¢. 


Theorem 6.6 Let Kz and T be the graphs then gns(Ke2 x T) = gns(T). 


Proof Consider a tree T. Let Kz x T be a graph formed from two copies T; and T> of T 
and S be a minimum non split geodetic set of Ky x T. Now, we define S’ to be the union of 
those vertices of S in T; and the vertices of T; corresponding to vertices of T, belonging to S. 
Let v € V(T)) lies on some a — y geodesic,where x,y € S.Since S is a non split geodetic set 
by Theorem 3.2, i-e., gns(I) = k at least one of « and y belongs to V;. If both z,y € Vi then 
x,y € S’. Hence, we may assume that x € Vi,y € Vo. If y corresponds to x then v= 2 € S’. 
Hence, we assume that y corresponds to y’ € S’,where y’ # «x. Since d(x, y) = d(x, y’) + 1 and 
the vertex v lies on an x — y geodesic in Ky x G. Hence, v lies on x — y geodesic in G that is 
gns(G) < Gns(Ko x G). 

Conversely, let S contains a vertex with the property that every vertex of T; lies on x — w 
geodesic T, for some w € S. Let $” consists of x together with those vertices of T) corresponding 
to those S — {x}. Thus, |S’| = |S. We show that S’ is a non split geodetic set of Kz x T. 
Hence gns(Ke x T) < gns(T). Thus, gns(Ke x T) = gns(T). 


Theorem 6.7 Let Ky and G= P,, be the two graphs, 


2 ifn > 3 
3 ifn =2 


9ns (Ko x G) = 


Proof Consider a trivial graph Ky as a connected graph. Let G; and G2 be the two 
copies of G and also V(Gi) = {a1,@2,---,@n}, V(Go) = {b1, bo,--- , bn}. Let S = {a1, bp} 
be the non split geodetic set of Ky x G and also d(a1, bn) = diam(a1,b,). Thus, V—S = 
{a2,03,°+* , Qn, b1, b2,--+ ,bn—1} is the induced subgraph and it is connected. Hence gy5[K2 x 
G] = 2. 

Similarly,the result is obvious for n = 2 that is gn,|K2 x G] = 3. 


§7. Block Graphs 


A block graph has a subgraph G, of G(not a null graph) such that G is non separable and if 
Gp is any other graph of G, then G; U Gp = G or G; U G2 is separable. For any graph G a 
complete subgraph of G is called clique of G. The number of vertices in a largest clique of G is 
called the clique number of G and denoted by w(G). 


Theorem 7.1 For any block graph G, gns(G) =n —c; where n be the number of vertices and 


c; be the number of cut vertices. 
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Proof Let V = {v1,v2,--- , Un} be the number of vertices of G. Consider S be the geodetic 
set of G and (V(G) — S) is connected. Thus S itself a nonsplit geodetic set of G. Since every 


geodetic set does not contain any cut vertices. Hence, gns(G) =n — c. 


Theorem 7.2 For any block graph G, gns(G) < w(G) + 2c; where w(G) be the clique number 


and c; be the number of cut vertices. 


Proof Let V = {v1,v2,-++ ,Un} be the number of vertices of G. In a block graph, every 
geodetic set is a nonsplit geodetic set. Consider S be the geodetic set of G and (V(G) — S) is 
connected. Thus § itself a nonsplit geodetic set of G. By the definition, the number of vertices 
in a largest clique of G is w(G) and also every geodetic set does not contain any cut vertices of 
G. It follows that gns(G) < w(G) + 2c. 


Theorem 7.3 For any block graph G, gns(G) = ao(G) +1 where ao(G) be the vertex covering 


numoer. 


Proof Let G be a block graph of order n. Now, we prove the result by mathematical 
induction. 


For c; = 1, the vertex covering number of G is 
ao(G) =n-—G —1> ao(G) =n-—1-15> a(G)+l=n-1, 
by Theorem 7.1, we have 
9ns(G) =n — G > Gns(G) =n-—- 1. 


Therefore, gns(G) = ao(G) + 1. Thus the result is result is true for c; = 1. Let us assume that 
the result is true for c; = m that is gns(G) = ao(G) +1. 

Now, we shall prove the result for c; = m+ 1, where m+1 is the number of cut vertices. 
Let S = {v1,v2,--- ,Un} be the minimum nonsplit geodetic set of G. Since every geodetic set 
does not contain any cut vertex, by Theorem 7.1 we have gn5(G) =n —m—1. Therefore, 


ao(G) =n—¢, —1> ao(G) = (n—m—1)—-1>ao(G)+1l=n-—m-1. 


Thus, gns(G) = ao(G) he 
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Abstract: In this paper we introduce new graph labeling called k-difference cordial la- 
beling. Let G be a (p,q) graph and k be an integer, 2 < k < |V(G)|. Let f : V(G) - 
{1,2,---,k} be a map. For each edge uv, assign the label |f(u) — f(v)|. f is called a k- 
difference cordial labeling of G if |vs(¢) — ve(j)| < 1 and |es¢(0) — ef(1)| < 1 where v(x) 
denote the number of vertices labelled with x, ef(1) and es (0) respectively denote the num- 
ber of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial 
labeling is called a k-difference cordial graph. In this paper we investigate k-difference cor- 
dial labeling behavior of star, m copies of star and we prove that every graph is a subgraph 
of a connected k-difference cordial graph. Also we investigate 3-difference cordial labeling 


behavior of some graphs. 


Key Words: Path, complete graph, complete bipartite graph, star, k-difference cordial 


labeling, Smarandachely k-difference cordial labeling. 


AMS(2010): 05C78. 


§1. Introduction 


All graphs in this paper are finite and simple. The graph labeling is applied in several areas 
of sciences and few of them are coding theory, astronomy, circuit design etc. For more details 
refer Gallian [2]. Let G1, G2 respectively be (pi, q1), (p2,q2) graphs. The corona of G; with 
G2, Gi © Go is the graph obtained by taking one copy of G; and p; copies of G2 and joining 


* copy of Gz. The subdivision 


the i*” vertex of G, with an edge to every vertex in the i 
graph S'(G) of a graph G is obtained by replacing each edge uv by a path wwv. The union 
of two graphs G; and G» is the graph G; U G2 with V(G; UG2) = V (Gi) UV (G2) and 
E(G,UG2) = E(G,)U E (G2). In [1], Cahit introduced the concept of cordial labeling of 
graphs. Recently Ponraj et al. [4], introduced difference cordial labeling of graphs. In this 
way we introduce k-difference cordial labeling of graphs. Also in this paper we investigate the 
k-difference cordial labeling behavior of star, m copies of star etc. |x| denote the smallest 


integer less than or equal to x. Terms and results not here follows from Harary [3]. 


lReceived June 4, 2015, Accepted May 26, 2016. 
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§2. k-Difference Cordial Labeling 


Definition 2.1 Let G be a (p,q) graph and k be an integer 2<k <|V(G)|. Let f : V(G) > 
{1,2,---,k} be a function. For each edge uv, assign the label |f(u)— f(v)|. f is called a 
k-difference cordial labeling of G if |vp(i) — v¢(7)| < 1 and |es(0) — ef(1)| < 1, and Smaran- 
dachely k-difference cordial labeling if |v¢(¢) — v¢(g)| > 1 or le¢(0) — ef(1)| > 1, where v¢(x) 
denote the number of vertices labelled with x, ef(1) and es(0) respectively denote the number 
of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial labeling 
or Smarandachely k-difference cordial labeling is called a k-difference cordial graph or Smaran- 


dachely k-difference cordial graph, respectively. 


Remark 2.2 (1) p-difference cordial labeling is simply a difference cordial labeling; 
(2) 2-difference cordial labeling is a cordial labeling. 


Theorem 2.3 Every graph is a subgraph of a connected k-difference cordial graph. 


Proof Let G be (p,q) graph. Take k copies of graph K,. Let G; be the i*” copy of Kp. 
Take k copies of the Ks) and the i‘” copies of the Ke) is denoted by G’. Let V(G;) = {ul : 
1<j<kl<i< yp}. Let V(G) = {uv} :1< 9 <k,1 <i <p}. The vertex and edge set of 
super graph G* of G is as follows: 


Let V(G*) = U V(Gi)U U V (GY) U fy; 21 <i < K}U fu}. 


E(G*) = UEG )Uf{ulv : 1<i< (@),1< 9 < k-1}Uf{ubw, wok 21 <i < (§)}U{usu, : 


eyepue es 1<j<k—-1}U {wiwy}. 


Assign the label 7 to the vertices of Gj, 1 < i < k. Then assign the label i +1 to the 
vertices of Gi, 1 <i<k—1. Assign the label 1 to the vertices of Gj,. Then assign 2 to the 
vertex w. Finally assign the label i to the vertex w;, 1 < i < k. Clearly v¢(i) = p + (8) +1, 
i=1,3,...,k, vs(2) =p+ (8) +2 and e¢(1) = (8) +k, e¢(0) = k(2) +k +1. Therefore G* is 
a k-difference cordial graph. 


Theorem 2.4 [fk is even, then k-copies of star K1,) 1s k-difference cordial. 


Proof Let Gi be the i” copy of the star Ky). Let V(Gi) = {uj,0) :1 <j <k,1<iK<p} 
and E(G;) = {ujv) :1 <j <k,1<i <p}. Assign the label i to the vertex uj, 1 <j <k. 
Assign the label 7 + 1 to the pendent vertices of G;, 1 <i < g Assign the label k —i+ 1 
to the pendent vertices of Geri, L<i< s —1. Finally assign the label 1 to all the pendent 


k 
vertices of the star Gy. Clearly, v¢(¢) =p+1,1<i<k, ef(0) =e,(1) = > Therefore f is a 
k-difference cordial labeling of k-copies of the star Kp. 


Theorem 2.5 Ifn=0 (mod k) and k > 6, then the star K1,, is not k-difference cordial. 


Proof Let n = kt. Suppose f is a k-difference cordial labeling of Ky,,. Without loss 
of generality, we assume that the label of central vertex is r, 1 <r < k. Clearly vy(i) = t, 
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1l<i<nandiF¥r, ve(r) =t+1. Then e,(1) < 2t and e;(0) > (k — 2)t. Now ef(0) > 
(k — 2)t — 2t > (k — 4)t > 2, which is a contradiction. Thus f is not a k-difference cordial. 


Next we investigate 3-difference cordial behavior of some graph. 


§3. 3-Difference Cordial Graphs 
First we investigate the path. 


Theorem 3.1 Any path is 3-difference cordial. 


Proof Let uyu2...Un be the path P,. The proof is divided into cases following. 


Case 1. n=0 (mod 6). 

Let n = 6t. Assign the label 1, 3, 2, 1, 3, 2 to the first consecutive 6 vertices of the path 
P,,. Then assign the label 2, 3, 1, 2, 3, 1 to the next 6 consecutive vertices. Then assign the 
label 1, 3, 2, 1, 3, 2 to the next six vertices and assign the label 2, 3, 1, 2, 3, 1 to the next six 
vertices. Then continue this process until we reach the vertex un. 


Case 2. n=1 (mod 6). 

This implies n — 1 = 0 (mod 6). Assign the label to the vertices of u;, 1<i<n—1asin 
case 1. If un_1 receive the label 2, then assign the label 2 to the vertex un; if un—1 receive the 
label 1, then assign the label 1 to the vertex uy. 

Case 3. n=2 (mod 6). 

Therefore n—1= 1 (mod 6). As in case 2, assign the label to the vertices uj, 1 <i <n-1. 
Next assign the label 3 to un. 

Case 4. n=3 (mod 6). 

This forces n — 1 = 2 (mod 6). Assign the label to the vertices u1, w2, ...Un—1 as in case 
3. Assign the label 1 or 2 to u, according as the vertex un—2 receive the label 2 or 1. 

Case 5. n=4 (mod 6). 


This implies n — 1 = 3 (mod 6). As in case 4, assign the label to the vertices ui, wa, ---, 
Un—1- Assign the label 2 or 1 to the vertex u, according as the vertex u,_1 receive the label 1 
to 2. 


Case 6. n=5 (mod 6). 


This implies n — 1 = 4 (mod 6). Assign the label to the vertices ui, ue, +++, Un—1 as in 


Case 5. Next assign the label 3 to un. 


Example 3.2 A 3-difference cordial labeling of the path Po is given in Figure 1. 


1 3 2 1 3 2 2 3 1 


Figure 1 
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Corollary 3.3 Ifn=0,3 (mod 4), then the cycle C), is 3-difference cordial. 


Proof The vertex labeling of the path given in Theorem 3.1 is also a 3-difference cordial 


labeling of the cycle C,. 


Theorem 3.4 The star K,,, is 3-difference cordial iff n € {1, 2,3, 4,5, 6,7, 9}. 


Proof Let V(Kin) = {u,uj:1<i< n} and E(k, »,) = {uu :1<i<n}. Our proof is 


divided into cases following. 
Case 1. ne {1,2,3,4,5,6,7,9}. 


Assign the label 1 to u. The label of u,; is given in Table 1. 


Table 1 


Case 2. n¢ {1,2,3,4,5,6,7,9}. 

Let f(u) = a where x € {1,2,3}. To get the edge label 1, the pendent vertices receive the 
label either  — 1 or +1. 

Subcase 1. n= 3¢. 


Subcase la. x=1lorzr=3. 


When z = 1, ef(1) =t or t +1 according as the pendent vertices receives t’s 2 or (t+1)’s 
2. Therefore e¢(0) = 2t or 2-1. Thus e,(0) — ef(1) = t—2 > 1, t > 4 a contradiction. 
When x = 3, ef(1) = t or t+ 1 according as the pendent vertices receives t’s 2 or (t+1)’s 2. 
Therefore e,(0) = 2t or 2¢—1. Thus e7(0) —es(1) =t or t— 2. Therefore, ef (0) —ey(1) > 1, a 


contradiction. 
Subcase 1b. «x =2. 


In this case, ef(1) = 2¢ or 2t+1 according as pendent vertices receives t’s 2 or (t-2)’s 2. 
Therefore e¢(0) =t or t—1. e¢(1) —e¢(0) =t ort + 2 ast > 3. Therefore, e,(0) — e¢(1) > 1, 


a contradiction. 


Subcase 2. n=3t+1. 
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Subcase 2a. x=10r3. 


Then e/(1) = t or t+1 according as pendent vertices receives t’s 2 or (t+1)’s 2. Therefore 
ef(0) = 2t+1 or 2t. ef(0) —ef(1) =t+1 ort—last> 3. Therefore, e(0) —e,(1) > 3, a 
contradiction. 


Subcase 2b. x =2. 

In this case e¢(1) = 2t or 2t + 1 according as pendent vertices receives t’s 1 and t’s 3 and 
t’s 1 and (t+3)’s 3. Therefore e (0) =t+1 ort. ef(1)—e,(0) =t—lortast > 3. Therefore, 
er (0) — ef(1) > 1, a contradiction. 
Subcase 3. n= 3t+2. 

Subcase 3a. x= 1 or 3. 

This implies es(1) = t+ 1 and ef(0) = 2t+1. e¢(0) —ef(1) = t ast > 3. Therefore, 
e (0) — ef(1) > 1, a contradiction. 

Subcase 3b. x = 2. 


This implies e,(1) = 2¢+ 2 and ef(0) = t. ef(1) —es(0) =t+2 ast > 1. Therefore, 
er(1) — ef (0) > 1, a contradiction. Thus Kj,, is 3-difference cordial iff n € {1,2,3,4,5,6, 7, 9}. 


Next, we research the complete graph. 


Theorem 3.5 The complete graph Ky, is 3-difference cordial if and only ifn € {1, 2,3, 4,6, 7,9, 10}. 


Proof Let u;,1<%7< n be the vertices of K,. The 3-difference cordial labeling of Ky, 
n € {1,2,3,4,6,7,9, 10} is given in Table 2. 


Table 2 


Assume n ¢ {1,2,3,4,6,7,9,10}. Suppose f is a 3-difference cordial labeling of Ky. 


Case 1. n=0 (mod 3). 


Let n = 3t, t > 3. Then v¢(0) = v¢(1) = v¢(2) = t. This implies e¢(0) = (5) + (5) + (3) + 


126 R.Ponraj, M.Maria Adaickalam and R.Kala 
i= best Therefore e¢(1) = t? + t? = 2t?. ef(0) — ef(1) = etl —2t?7>1last>3,a 
contradiction. 
Case 2. n=1 (mod 3). 
Let n= 3t+1,t>3. 
Subcase 1. v;(1)=t+1. 
Therefore vf(2) = vf(3) =t. This forces e/(0 


ef(1) = t(t +1) +t? = 2t7+¢t. Then e;(0) — i ) 
contradiction. 


)+()+G)4 = 3(50? +1). 


(5t? + t) — ee = oe a 


(F 
ae 
2 


Subcase 2. v/(3) =t+1. 
Similar to Subcase 1. 


Subcase 3. v/(2) =t+1. 


Therefore vr(1) = v¢(3) =t. In this case ef(0) = pit and es(1) =t(t+1)4+t(@4+1) = 
2t? + 2t. This implies ef(0) — ef(1) = sett — (2t? + 2t) > 1 as t > 3, a contradiction. 


Case 3. n=2 (mod 3). 
Let n = 3t+2,¢>1. 


Subcase 1. vy,(1) =t. 


Therefore v¢(2) = v¢(3) = t+ 1. This gives e¢(0) = (5) 4 (34) (a>) -t(t+1)= Set 
and e¢(1) = t(t+1)4+(t+1)? = 2t?+3t+1. This implies e¢(0)—e(1) = be 43 (942.4 3-4-1) Sl, 
as t > 1, a contradiction. 


Subcase 2. v/(3) =t. 
Similar to Subcase 1. 
Subcase 3. vu/(2) =t. 


Therefore vf(1) = v¢(3) =t+1. In this case ef(0) = (*S') + (3) + 4) + 4+ D(t4+) = 
5 +5t+2 and (1) = t(t + 1) + t(t + 1) = 2¢2 + 2t. This implies e¢(0) — ef(1) = 545442 — 


(2t? + 2t) > 1 as t > 1, a contradiction. 


Theorem 3.6 If m is even, the complete bipartite graph Kin (m <n) is 3-difference cordial. 


Proof ‘Let VG) = tite TLS il <7 Se nh and LOG.) = {ea css 
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m,1<j <n}. Define a map f: V(Kim.n) > {1, 2,3} by 


fi) =1, 1<i< 
flum+i) =2, 1<i<F 
fe) $3; 1<i< (== 
f(upman] 4) =1, 1<i<[=*|)-#-1 if m+n=1,2 (mod 3) 
1<i<[™|-2 if m+n=0 (mod 3) 
F (Uap mgny_m_14i) =2, l<i<n—-2{#*®)+341 if m+n=1,2 (mod 3) 
F(Ug7 many m 4) =12) l<i<n-2/4] aS if m+n=0 (mod 3) 
Since e¢(0) = er(1) = 44, f is a 3-difference cordial labeling of Km n. 


Example 3.7 A 3-difference cordial labeling of Ks, is given in Figure 2. 


KZ 


Figure 2 


Next, we research some corona of graphs. 


Theorem 3.8 The comb P, © Ky is 3-difference cordial. 


Proof Let P, be the path ujug...un. Let V(P, © Ki) = V(P,)U {ui : 1 <i <n} and 
E(P, © Ky) = E(P,) VU {uu 1 <i <n}. 


Case 1. n=0 (mod 6). 
Define a map f : V(G) — {1, 2,3} by 


f (uei-s) = f (ues) = 1, 1 < 4 < 2 
f (uei—a) = f (wei-1) = 3, 1 < i < a 
f (wei—3) = f (uei—2) = 2, 1<i< a 


In this case, ef(0) =n —1 and ef(1) =n. 
Case 2. n=1 (mod 6). 


Assign the label to the vertices u;, vj (1 < i <n-—1) as in case 1. Then assign the labels 
1, 2 to the vertices un, Un respectively. In this case, ef(0) =n—1, ef(1) =n. 
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Case 3. n=2 (mod 6). 


As in Case 2, assign the label to the vertices u;, v; (1 <i <m-—1). Then assign the labels 


LS 
3, 3 to the vertices un, Un respectively. In this case, e,(0) =n, e¢(1) =n—1. 
Case 4. n=3 (mod 6). 


Assign the label to the vertices u;, vj (1 < i <n-—1) as in case 3. Then assign the labels 
2, 1 to the vertices un, Un respectively. In this case, e,(0) =n —1, ef(1) =n. 


Case 5. n=4 (mod 6). 


As in Case 4, assign the label to the vertices u;, vu; (1 <i <m-—1). Then assign the labels 
2, 3 to the vertices un, Un respectively. In this case, e,(0) =n —1, ef(1) =n. 


Case 6. n=5 (mod 6). 


Assign the label to the vertices u;, vj (1 <7 <n—1) as in case 5. Then assign the labels 3, 
1 to the vertices un, Un respectively. In this case, ef(0) =n—1, ef(1) =n. Therefore P,, © Ky 


is 3-difference cordial. 


Theorem 3.9 P,, © 2k, is 3-difference cordial. 


Proof Let P, be the path uyug-++un. Let V(P, © 2K1) = V(P,)U {u;,, wi 2 1 <i < nh} 
and E(P, © 2K1) = E(P,) U {uu ww; 21 <a < nh. 
Case 1. nis even. 


Define a map f : V(P, © 2K,) > {1, 2,3} as follows: 


f(ua-1) = 1, 1<i<§ 
f (u2i) 2. Lees 
fen) = 1, 1si<4% 
f(va) = 2, 1<i<# 
f(wi) = 3, 1<i<§ 


In this case, v¢ (1) = v¢(2) = ve (3) = 1, ef (0) = 3a and e,(1) = Sn = 


Case 2. n is odd. 


Define a map f : V(P, © 2K1) — {1,2,3} by f(u1) = 1, f(u2) = 2, f(us) = 3, f(v1) = 
f(v3) =1, f(wi) = f(w2) = 3, f(ve) = f(ws) = 2, 


{@sige)> =" 2; Lets = 
f(uai+s) 1, 1<i< 38 
Ff (v2i+2) De eae os 
f (v2i+3) 1, l<i< 44 
f(wi4s) = 3, 1l<i<n-3 
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Clearly, vg(1) = v¢(2) = v¢(3) =n, ef (0) = ef(1) = +. 


Next we research on quadrilateral snakes. 


Theorem 3.10 The quadrilateral snakes Q,, 1s 3-difference cordial. 


Proof Let P, be the path ujug---uUn. Let V(Qn) = V(Pn)U {u,,wi : 1 <i < n-th 
and E(Qn) = E(Pr) U {uivi, iwi, Wiig 2 1 <i <n-—1}. Note that |V(Q,)| = 3n — 2 and 
|E(Q,)| = 4n—4. Assign the label 1 to the path vertices u;, 1 <4<n. Then assign the labels 
2, 3 to the vertices v;, w; 1 <i <n—1 respectively. Since vy(1) =n, v»(2) = ve (3) =n —-1, 


er(0) = ef(1) = 2n — 2, f is a 3-difference cordial labeling. 


The next investigation is about graphs Brn, S(Kin), S(Bnin)- 
Theorem 3.11 The bistar By», 1s 3-difference cordial. 

Proof Let V(Bnn) = {u,v,Ui,0i 2 1<i< n} and E(Bnn) = {uv, uu, vu; : 1 <i <n}. 
Clearly By» has 2n + 2 vertices and 2n + 1 edges. 
Case 1. n=0 (mod 3). 


Assign the label 1, 2 to the vertices u and v respectively. Then assign the label 1 to the 
vertices uj, vi (1 <i < $). Assign the label 2 to the vertices UB4qi, URI (1 <i< #). Finally 
assign the label 3 to the vertices w2n 4;, V2n 4; (1 <i < $). In this case es(1) =n +1 and 
e ¢ (0) =n. 


Case 2. n=1 (mod 3). 


Assign the labels to the vertices u, v, u;, vi (1 < i <m-— 1) as in Case 1. Then assign the 
label 3, 2 to the vertices un, Un respectively. In this case e¢(1) =n and e¢(0) =n+1. 


Case 3. n= 2 (mod 3). 


As in Case 2, assign the label to the vertices u, v, wi, vu; (1 <i <n-—1). Finally assign 1, 
3 to the vertices un, Un respectively. In this case ef(1) =n and e7(0) =n+ 1. Hence the star 


By» is 3-difference cordial. 


Theorem 3.12 The graph S(K1,,) is 3-difference cordial. 


Proof Let V(S(Kin)) = {u, u,v: 1<i<n} and E(S(Ky,)) = {uu, wv: 1 <i <n}. 
Clearly S(K1,,) has 2n + 1 vertices and 2n edges. 
Case 1. n=0 (mod 3). 


Define a map f : V(S(Ki,,)) > {1, 2,3} as follows: f(u) = 2, 


flu) = 1, 1<i<t 
Hig Or DSF 

f(vi) = 3, 1<i< 2 
flvazi) = 1, 1<i<t 


130 R.Ponraj, M.Maria Adaickalam and R.Kala 


Case 2. n=1 (mod 3). 


As in Case 1, assign the label to the vertices u, u;, vu; (1 <7 <mn-—1). Then assign the 
label 1, 3 to the vertices un, Un respectively. 


Case 38. n=2 (mod 3). 


As in Case 2, assign the label to the vertices u, u;, vu; (1 <7 <mn-—1). Then assign the 


label 2, 1 to the vertices un, Un respectively. f is a 3-difference cordial labeling follows from 
the following Table 3. 


m0 
+ t4 


5 Uf ef 


Table 3 


Theorem 3.13 S(Bn ») is 3-difference cordial. 


Proof Let V(S(Bnin)) = {u, W, v, Ui, Wi, Ui, Zi 2 LS i <n} and E(S(Brn)) = (uw, wy, UUs, UiWi, VVi, Vi Z : 
1<i<n}. Clearly S(By,,) has 4n +8 vertices and 4n + 2 edges. 


Case 1. n=0 (mod 3). 


Define a map f : V(S(Br.n)) > {1,2,3} by f(u) = 1, f(w) = 3, f(v) = 2, 


f(wi) = 2, 1<i<n 
f(vi) = 1, 1<i<n 
fl@) = 3, l<i<n 
fiom 1,. Laces 
fluayi) = 2, 1<i<3 
f(ua4;) = 3, 1<i< Ff. 


Case 2. n=1 (mod 3). 


As in Case 1, assign the label to the vertices u, w, v, Wi, Vi, Wi, 2 (1 <i <n—1). Then 


assign the label 1, 2, 1, 3 to the vertices Un, Wn, Un; Zn respectively. 
Case 3. n=2 (mod 3). 


As in Case 2, assign the label to the vertices u, w, v, Wi, Vi, Wi, 2 (1 <i <n-—1). Then 
assign the label 2, 2, 1, 3 to the vertices un, Wn, Un, Zn respectively. f is a 3-difference cordial 
labeling follows from the following Table 4. 
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Table 4 


Finally we investigate cycles Ce 


Theorem 3.14 cy! is 3-difference cordial. 


Proof Let u be the vertices of C{ and i*” cycle of CL? be uuiuiuiu. Define a map f from 
the vertex set of C{” to the set {1,2,3} by f(u) =1, f(ui) =3,1<i<t, f(ui) =1,1<i<t, 
f(u§) =2,1<i<t. Clearly v¢(1) =t+1, v¢(2) = v¢(3) =t and e¢(0) = ef (1) = 2¢. Hence f 
is 3-difference cordial. 
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Abstract: Let F.(G),k > 1, G be the token graph of a connected graph G. In this 
paper, we investigate the Eulerian and Hamiltonian property of token graphs and obtain the 


covering invariants for complete graph of token graph. 
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§1. Introduction 


All graphs considered here are simple, connected,undirected graphs. Let G be a graph with 
vertex set V(G)={v1, v2, U3,°"+ ,Un} and edge set E(G) = {e1,e2,€3,---,@m}. We refer the 
reader to Harary [3]. 

R.Fabila-Monroy and et.al. introduced a model in which, k indistinguished tokens move 
from vertex to vertex along the edges of a graph. This idea is formalized as follows, for a graph 
G and integer k > 1, we define F;,(G) to be the graph with vertex set (VO), where two vertices 
A and B of Fy (G) are adjacent whenever their symmetric difference A A B is a pair {a, b} such 
that a € A, b € Band abe E(G). Thus the vertices of F),(G) correspond to configurations of k- 
indistinguishable tokens placed at distinct vertices of G, where two configurations are adjacent 
whenever one configuration can be reached from the other by moving one token along an edge 
from its current position to an unoccupied vertex. The F;(G) is called the k-token graph of G. 

Many problems in mathematics and computer science are modeled by moving objects on 
the vertices of a graph according to certain prescribed rules. In graph pebbeling, a pebbling step 
consists of removing two pebbels from a vertex and placing one pebble on an adjacent vertex; 
[4] and [5] for surveys. Related pebbling games have been used to study rigidity [6,7], motion 
planning|[1,9], and as models of computation[10]. In the ”chip firing game”, a vertex v fires by 
distributing one chip to each of its neighbors(assuming the number of chips at v is at least its 
degree). This model has connections with matroid, the Tutte polynomial, and mathematical 
physics [8]. 

Inspired by this we investigate the some more properties like traversability and covering 
invariants of token graphs. 
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Remark 1.1({2]) Let G be a graph and Fy(G) be the token graph of G with k > n—-1, 
IV (Fe(@))I=(Q), Ee (GIG IE(@)I- 


Remark 1.2((2]) Two vertices A and B are adjacent in F,(G) if and only if V(G) \ A and 
V(G) \ B are adjacent in F,_1(G), Fx(G) = Fr_x«(G), with only one token, the token graph is 
isomorphic to G. Thus, F\(G) = G. 


Remark 1.3 Degree of vertices in Fy,(G) is 


deg(Vr,(G)) = Y dega(Vi) ~2 


(sum of pairs of vertices u;;2 € k of G which are the elements of V) 
if vu; and v,; are two vertices in G, then in F,(G) 


uv; = Lif ujsts adjacent to vj inG. 


I 


0, tf v; is not adjacent to v; in G. 


Remark 1.4 If degree of all the vertices in a graph G is even or even regular then by the 
Remark 3 degree of all the vertices in F;,(G) is even, irrespective of tokens being odd or even. 


Remark 1.5 If degree of all the vertices in a graph G is odd or odd regular then by Remark 
3, degree of all the vertices in F,(G) is even, only when k is even token. 


Remark 1.6 If G contains both even and odd degree vertices then the vertices in F,(G) are 
also of odd and even degree, irrespective of tokens being odd or even. 


§2. Traversability of Token Graphs 


In this section we obtain the traversability properties of token graphs. 


Theorem 2.1 Let G be a connected graph. Then Fi,(G) is Eulerian if and only if it satisfies 


either of the following conditions. 


(i) Every vertex in G is of even degree; 


(ii) Every vertex in G is of odd degree and k-is even. 


Proof Let Fy(G) be a token graph of graph G. Assume F;(G) is Eulerian, that is each 
vertices in F,(G) is of even degree. By the Remark 1.3, we have, d(Vp,(g)) = deg(u) + deg(v)- 
2(sum of pair of adjacent elements of G in V of Fi,(G)). 


Depending upon the degree, we consider the following cases. 


Case 1. Suppose deg(u) +deg(v) is odd, then by Remark 3, d(Vp, (q)) is odd, a contradiction. 
Thus condition (7) is satisfied. 


Case 2. Suppose deg(u)+deg(v) is even, where u and v are odd or odd regular with odd tokens 
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then by Remarks 1.3 and 1.5. F,(G) is non-Eulerian, a contradiction. Thus the condition (#7) 
is satisfied. 
If G is Eulerian, that is it contains even degree of vertices. Then by the Remark 4, F;,(G) 


is Eulerian. That is it contains even degree vertices. 


The converse follows from Remarks 1.4 and 1.5. 


Corollary 2.2 If G be Eulerian graph, then F,-1(G) is also Eulerian. 


Proof Let G be Eulerian graph. Then by the Remark 1.2, F,-1(G) is Eulerian. 


Lemma 2.3 If G is hamiltonian, then Fy, -1(G) is also hamiltonian. 
Proof Suppose G is hamiltonian, by the Remark 1.2, we know that 
G2F(G) and F,(G) = F,_-1(G). 
If k = 1 then, 


F\(G) 


IIe 


F,-1(G) 
Therefore, 


GYF(G), G2 F_1(0). 


Thus, F,-1(G) is also hamiltonian. 


Theorem 2.4 F;,(G) is hamiltonian if and only if G is complete graph. 


Proof Let G be complete graph and let {v1, v2, v3,--- ,Un} be the vertices in a graph G. 
In complete graph all vertices are mutually adjacent and G is hamiltonian. 


By the definition of token graph, F;,(G) contains (2) number of vertices and by the Lemma 
2.3, F\(G) and F,-1(G) are hamiltonian. 


Now, we have to prove for k = 2,3,4,--- ,n—2 tokens. We prove this by induction method, 
here (k + 1)!” term is n-2 token. 


If k=2 token then, 


V(F2(G)) = {(viva), (v1v3), (viv4),++* , (V1Un) U (v2¥3), (vav4), (v2U5), 
+, (vgUn)U,+ ++ ,U(Un—1Un)}. 


Here we consider two vertices A = {vvp} and B = {vaun}. By the symmetric difference 
we get vjv2. That is,,A A B] = (AU B) — (AN B) =v v20n — Un= vive. Therefore viv2 are 
adjacent in G then A and B are also adjacent in F2(G). 


Similarly vgvy is adjacent with v3v,, and the same follows for all vertices. 
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Now if k=3 token, then 


V(F3(G)) = {(vivev3), (viveva),+++ , (v1v2v3), (v1304), (V1 03U5), 
a) (U1 U3Un); PRS (Un—2Un—1Un) }. 
Here also (v1 v2Up,) is adjacent with (v1v3Up,),(V103Un) with (v1 v4aUp) ++ and (Upn—3Un—2Un—1) 


with (Un—2Un—1Un). Hence, we get spanning cycle in F3(G) as {v1Un—1Un, V2Un—1Un, U3Un—1Un;*** 5 
Un—2Un—1Un, U1Un—1Un}. Therefore, F3(G) is hamiltonian graph. Thus the result is true for all 
k=n. 

Similarly, If k=n-2 token, then V(F;,-2(G)) = V(F2(G)). By the Lemma 2.3 and Remark 
1.2, Fy_1(G) © F\(G). That is, 


Fi,(G) & Fa_x(G), (1) 
F,(G) = Fn_z(G), (2) 
and if k = 1, then 
F\(G) & Fy_-1(G) (3) 


Then G © F\(G) = Fy_-1(G). Thus F,_-1(G) is hamiltonian. 

For the converse, assume F;,(G) is hamiltonian, we have to prove G is complete. Suppose 
G is not complete graph then by the symmetric difference the vertices in Fy(G); k= 2,3,...,n-2, 
form a sub graph homiomorphic to K23 a contradiction. 


Theorem 2.5 If G is wheel, then Fy,(G) is hamiltonian graph. 


Proof Let G be wheel, hence it contains spanning cycle and let {v1, v2, v3,--- , Un} be the 


vertex of graph G. Here v, is a vertices of maximum degree in G. Let Vj, V2, V3,--- Vin) be 
k 


the vertices in graph F;,(G). By the lemma 2.3, we know that 
G = F\(G) = F,-1(G). 


Then G is hamiltonian then F\(G) and F,_1(G) are also hamiltonian. 
Now we prove for k = 2,3,4,---,n—2 tokens. We know that F,(G) & F,_-1(G). If k=2 
then, 


V(FA(G)) = {Vi, Vo, Va,--- Vimy} 
= {(v1v2),(v13),-++ , (U1Un), (v23), ++, (V2Un), (v3v4), 


(U3U5), ---) (U3Un), --; (Un—1Un) f- 


In graph G, the n*” vertex is adjacent with remaining all the vertices. Therefore by the sym- 
metric difference we get spanning cycle as {U1Un, V1Un—1, U1Un—2, °° * 5 U1U2; V2Un, V2Un—1, °°» V2U3, 
U3Un,*** 5 U3U4, UAUn; °°) Un—2Un—1; Un—1Un, UiUn}. Thus F2(G) contains spanning cycle then 
F,-2(G) also contains spanning cycle. Clearly, by Remark 2.2, F)(G) and Fy,_2(G) are hamil- 


tonian. 


Similarly for all tokens we get spanning cycle. Hence F;,(G) is hamiltonian. 
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§3. Covering Invariants Of Token Graphs 


In the following section, we determine the point covering number ao(G),line covering number 
ai(G), point independence number (9(G) and line independence number (3; (G) of token graph 
of complete graph. 


Theorem 3.1 For any complete graph Ky;n > 1, 


a1(Fr(Kn)) = [2 ,  Pr(Fe(Kn)) = |. 


Proof Let K, be the complete graph with n-vertices and F;(K,,) be the token graph of 
() 
2 
F,(K,). By Remark 1.2, Fi(Kn) & Kn and Fy-1(Kn) © Kn, ie., Fi(Kn) & Kn when k = 1 


orn—l. 


complete graph with () number of vertices. lines are required cover all the points in 


For k = 2,3,4,--- ,n—2, the vertices Fy,(K,) are adjacent but not mutually and by Remark 


) number of vertices. Hence () number of lines are require to cover all 


n 


1.1, it contains G 


the points. ai(F,(Kn)) = &) 


From the Gallai result, we know that 


In Fy(Kn), 
ai(FA(K)) + 8i(FR(Ka)) = (7) pL) + ACK) = (;): 
AilFe(Kn)) = & “ O 
= @ = fe) (Note that {e) oe [2 ) 
2 


But F},(G) contains odd number of vertices then, 


BulKy) = B= |W 


(x) 


oe 


ap Bi (Kn) ai 


Theorem 3.2 For any complete graph Ky;n > 1, 
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and ao(Fk(Kn)) = (%) — Bo(Fk(Kn)): 


Proof Let K, be the complete graph with n-vertices and Fy(K,,) be the token graph of 
complete graph with 6a) number of vertices. By the definition of complete graph, A(K,,) = n—1 
and ao(Kn) = n-—1, 6o(Kn) = 1. Therefore by the Remark 1.1, ao(F.(Kn)) = n—1 and 
Go( Fy (Kn)) = 1 when k = 1 or n—1. 


Now we have to prove for k = 2,3,4,---,n—2 tokens. F,,(K,,) contains (7) number of 


vertices, and Evol are required to cover the vertices in Fi,(Ky). at number of vertices 


number of vertices 


are non-adjacent to each other and adjacent with remaining (7) - 


sts] 
in F;,(K,), when (;') is even. if (7) is odd, then ("*) is covered by ay +1 vertices, which 
= (i 


are non-adjacent to each other and are adjacent with remaining C + 1 vertices in 


————“— 
D 
ee 

aaa 


F),(i,,). Thus independence number in F},(K,,) is Eel or o 


From the Gallai result, we know that 
ay (G) + Bi(G) = |G. 


In Fy(K,), when (;') is even then, 


ao (Fi(Kn)) ah Bo (Fr(Kn)) = 


> ao( Fe (Kn)) + 


(i) 
22.) = (;) 
(i) 
(i) 


aolFe(Kn)) = (" 4 

ao(Fi(Kn)) = (4) ~Go(Fe(B&n)) 
If (72) is odd then, 

(Fi(Ky)) + Bo(Fi()) = (Z) 


=> ao(Fe(Kn)) + Bal Woe (;) 
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iihchay = (1) = Bol rl 


ao(FA(B)) = ({1) ~ Bol Fe(Kn)) 
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Abstract: A graph G = (V, EF) with p vertices and q edges is said to be a mean graph 
if there exists an injective function f : V — {0,1,---,q} that induces an edge labeling 
f°: E = {1,2,--- ,q} defined by 


f'(uv) = Lu) 10) if f(u) + f(v) is even 


£0) + £00) +1 


5 f(u) + f(v) is odd 


for every edge uv of G.Further f is called a super-mean labeling if f(V(G)) U{f*(e) :e € 
E(G)} = {1,2,---,p+q}. If the vertex labels are all even numbers in {2,4,--- ,2q} so 
that f*(e) = Lotto) then f is an even mean labeling of G and if the vertex labels are in 
{1,3,--- ,2q—1} so that f*(e) = fot font then G is an odd-mean graph. In this paper, 
we investigate a typical class of trees based on this definition. 

Key Words: Mean labeling, super-mean labeling, even-mean labeling, odd-mean labeling, 


parallel transformation of trees. 


AMS(2010): 05C78. 


§1. Introduction 


Throughout this paper ,by a graph we mean a simple finite undirected graph without isolated 
vertices.For basic notations and terminology in graph theory we follow [1]. The concept of mean 
labeling was introduced in [5], super-mean labeling in [4] and odd-mean labeling in [2]. 


§2. JT, Class of Trees 


In [3], T, class of trees are defined as follows. 


Definition 2.1 Let T be a tree and x and y be two adjacent vertices in T.Let there be two end 
vertices(non-adjacent vertices of degree 1)x' and y' in T such that the length of x — x’ is equal 


to the length of the path y — y’. If the edge xy is deleted and x’ , y’ are joined by an edge x’y’, 
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then such a transformation of edges from xy to x'y' is called a parallel transformation of an 


edge in T. 


Definition 2.2 A tree is said to be a T,, tree if and only if a resultant parallel transformation 


of edges reduce T into a Hamiltonian path. Such Hamiltonian path is denoted as Pr. 


To7 is given below in figure 2.1(a). Here e1, e2, e3, e4 and es are the edges to be deleted and 


e. ; 4=1,---,5 ( shown in broken lines ) the corresponding edges to be added to generate 


Pr from To7 (Figure 2.1(b)). 


Fig 2.1 (a) 


Fig 2.1 (b) 


Theorem 2.1 7), is a mean graph. 


Proof Let T,, be a tree on n vertices and by definition there exist a path Pr corresponding 
to T,. Let E = {e1,e2,--- ,€n-1} be the edges of T,,. Let Egy = {e1, €2,--- ,es} be the set of 
edges to be deleted from and Ef, = {e},e4,--- ,e4} be the edges to be added to T;, so as to 
obtain a Hamiltonian path Pr with V(Pr) = V(T;,) and E(Pr) = {E(T,) — Es} U EG. Label 
the vertices of Pp as 41, %2,-°-- , Lp Starting from the initial pendant vertex. 
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Define an injective mapping f : V(Pr) — {0,1,---,n—1}, as f(a) =7—1 for all i. Now 
f induces edge labeling f* on E(Pr) as 


f*(ay) = La) = fy) if f(x) and f(y) are of same parity 
pepe AC et Aa Ly) Ee eiheiiee 


where zy € E(Pr). 


Since Pr is a path, every edge of Pr is of the form x;2;41. 


i i Un = ; 
f (@itigi1) = Eee since f(a;) and f(a;+1) are of different parity 


- PORES ai for i= 1,2,-- fal 
Obviously f is injective and f*(G) = {1,2,---,n— 1}. So it is proved that f is a mean 
labeling on Pr. We have to prove that f is a mean labeling on Ty. 
For this, it is enough to prove that f*(e,) = f*(e,) where e, = ax; € E(T,) and ef = 
Liprdj—r € E(T,). 


Now, e/, must be of the form 2;4,2;4,41, since it is an edge of a path Pr. So 


(Ge; Bp =e) ~ were reeete, 
f(@itr) +f (@i-r) +1 _ (tite) + f(@iprt1) +1 
2 2 
Therefore 
g=it2rt+1 
So i 
fe (es) an f (xi) a5 Peisore) air =i4+r 
and 
Pe) = Ff @aetied) 
F(tite) + ftitrti) +1 _ 5, 
2 
Therefore, 


f*(es) = f* (es). 


Thus, f admits mean labeling on T;,. Hence we get the theorem. 


Definition 2.3. A graph with p vertices and q edges is said to be odd mean if there exists a 
function f : V(G) > {0,1,--- ,2q— 1} which is one-one and the induced map f* : E(G) > 
{1,3,---,2qg—1} defined by f*(uv) = Lt F@) | if f(u) + f(v) ts even or flu) fo) yh if f(u)+ 
v) ts odd, is a bijection. If a graph has an odd mean labeling, then we say that G is an odd 
a] g g y 
mean graph. 
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Definition 2.4 A function f is called an even-mean labeling of a graph G with p vertices and 
q edges if f is an injection from the vertices of G to {2,4,--- ,2q} such that when each edge wv 
is assigned the label fy tio) | then the resulting edge labels are distinct.A graph which admits 


an even mean labeling is said to be an even-mean graph. 
Theorem 2.2 T,, satisfies both even and odd mean labeling. 


Proof To prove T,, is an even-mean graph,we consider f. : V(G) — {2,4,--- ,2q} such 
that f.(v;) = 22 fori =1,2,--- ,n. 


Now, to show T,, is odd-mean, we take another injective mapping f, : V(G) > {1,3,--- ,2q+ 
1} as fo(x;) = 2i—1 for i =1,2,--+ ,n. 


Theorem 2.3 Parallel transformation of trees generate a class of super-mean graphs. 


Proof Consider a T,, tree on n vertices. By definition there exist a Pr corresponding to 
Tn. Let FE = {e1,--- ,€n—1} be the edges of T,,. Let FE, = {e1,€2,--- ,e-} be the edges to be 
deleted from T,,, E, C E and E!, = {e},--- ,e,} be the set of edges to be added to T,, to make 
a path Pr, such that if e, is the deleted edge, e/, is the corresponding edge added at a distance 
dy, by parallel transformation. Now we have V(Pr) = V(T,,) and E(Pr) = {E(T,) — E-}UE'. 


Now we label the vertices of Pr by 21,2%2,--- ,% successively starting at one end vertex 
of the path Pr. Define a mapping f : V(Pr) — {1,2,---,2n — 1} such that f(a;) = 2¢-1 
for alli =1,...,n. Now, by the definition itself, f is one-one. Let f* be the induced mapping 
defined on the edge set of Pr such that 
fUS*® ={1,2,---,2n—1} as 


play) = LOL 6 (0) + Fly) is even 
us 1 
pe A AC) ! Oe ah eG peda 
where zy € E(Pr). 
Since Pr is a path, every edge of Pr is of the form 27;x;4, fori =1,2,---,n—1 
fi (atin) = Pan) + fers) 
= 2 ; 1=1,2,---,n-1 


Hence it is clear that f* is one one and f(G) U f*(G) = {1,2,---,2n—1}. Hence f isa 
super mean labeling on Pr. Now it is to show f is super mean on T,,. It is enough to show 
that f*(ex) = f*(e4)- 

Let ex, = 2,2; where x,x; € E(T,,). To get Pr, we have to delete e, and adjoin e}, at a 
distance d from 2; such that e, = xj4,%;-,. Since ej}, is an edge of Pr, it must be of the form 


/ 
Ey = VitrVitr+1- 
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Hence 
(Bite, 3A) = (Lit, Litrgi) 
f(xitr) + f(aj—r) = f (itr) + f (@itrg1) 
2 2 
=> j=i+2r4+1 
f*(ex) = Fleas) 
_ F(a) + F(@5) 
2 
_  F(ai)+ Pesan) = i+r) 
Piet = Peace) 
_ — F(tigr) + f(@itr41) _ 5), 
a 
Therefore, 


f" (ex) = f*(e)- 
Thus, f is super mean on J), also. Hence, T;, is a super mean graph. 


Example 2.1 In Figure 2.2, we show a super-mean labeling on tree Ty. 


Fig 2.2 
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Abstract: Let G = (V,E) be a graph with p vertices and q edges. A Cap (A) cordial 
labeling of a Graph G with vertex set V is a bijection from V to 0,1 such that if each edge 
uv is assigned the label 


ee ae f(u)=f(v)=1, 


0, otherwise. 


with the condition that the number of vertices labeled with 0 and the number of vertices 
labeled with 1 differ by at most 1 and the number of edges labeled with 0 and the number 
of edges labeled with 1 differ by at most 1. Otherwise, it is called a Smarandache A cordial 
labeling of G. A graph that admits a A cordial labeling is called a A cordial graph (CCG). 
In this paper, we proved that cycle Cy (n is even), bistar Bm,n, Pm © Pn and Helm are A 
cordial graphs. 


Key Words: Cap cordial labeling, Smarandache A cordial labeling, Cap cordial graph. 
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§1. Introduction 


A graph G is a finite non-empty set of objects called vertices together with a set of unordered 
pairs of distinct vertices of G which is called edges. Each pair e = {uv} of vertices in E is 
called an edge or a line of G. In this paper, we proved that Cycle C,, (n : even), Bi-star Bynyn, 
Py © P, and Helm are A cordial graphs. 


§2. Preliminaries 


Let G = (V,E) be a graph with p vertices and q edges. A A (cap) cordial labeling of a Graph G 
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with vertex set V is a bijection from V to (0, 1) such that if each edge uv is assigned the label 


fy =) FAM) =Fe)=1 


0, otherwise. 


with the condition that the number of vertices labeled with 0 and the number of vertices labeled 
with 1 differ by at most 1 and the number of edges labeled with 0 and the number of edges 
labeled with 1 differ by at most 1. Otherwise, it is called a Smarandache A cordial labeling of 
G. 


The graph that admits a A cordial labeling is called a A cordial graph (CCG). we proved 
that cycle C, (n is even), bistar Bm, Pm © P, and Helm are A cordial graphs 


Definition 2.1 A graph with sequence of vertices uy, U2, +++, Un such that successive vertices 
are joined with an edge, Py is a path of length n — 1. 
The closed path of length n is Cycle Cy. 


Definition 2.2 A Pp © Py graph is a graph obtained from a path Pm by joining a path of 
length P, at each vertex of Pm. 


Definition 2.3 A bistar is a graph obtained from a path Pz by joining the root of stars Sp», and 
S,, at the terminal vertices of Pp. It is denoted by Bm,n. 


Definition 2.4 A Helm graph is a graph obtained from a Cycle C, by joining a pendent vertex 


at each vertex of on C,,. It is denoted by Cy, © Ky. 


§3. Main Results 


Theorem 3.1 A cycle C, (n : odd) is a A cordial graph 


Proof Let V(C,) = {u: 1 <i <n}, E(Cy) = {[(uuwi41) > 1 <i<n-1U(uiun)}. A 
vertex labeling f : V(C;,) — {0,1} is defined by 


Here Vo(f) +1 = Vi(f) and Eo(f) = Fi(f) +1. It satisfies the condition 


Wo(f)-VMf) lsd, |Bo(f) — Fi(f) |S 1. 
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Hence, C,, is A cordial graph. 


For example, C7 is A cordial graph as shown in the Figure 1. 


Figure 1 Graph C7 


Theorem 3.2 A star S, is a cordial graph. 


Proof Let V(S,) = {u,u;: 1 <i < n} and E(S,) = {(uu;) : 1 < i < n}. Define 
f : V(Sp) — 0,1 with vertex labeling as follows: 


Case 1. Ifn is even, then f(u) = 1, 


and an induced edge labeling 


Here Vo(f) +1 = Vi(f) and Eo(f) = Ei (f). It satisfies the condition 
[Vo(f) —Valf) |S 1 and |Eo(f) — Fi(f) |< 1. 


Case 2. Ifn is odd, then f(u) = 1, 


0, 1<i< 
f (ui) ie 
1, nts <i<n 


and with an induced edge labeling 


: 0, 1<i< 
f (uni) = 
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Here Vo(f) = Vi(f) and Eo(f) = Ei(f) +1. It satisfies the condition 


Vo(f) -Vilf) |S 1 and |EZo(f) — Fi(f) |< 1. 


Hence, S$, is A cordial graph. 


For example, S; and S¢ are cordial graphs as shown in the Figures 2 and 3. 


Figure 3 Graph 5S; 


Theorem 3.3 A bistar Bm, is a A cordial graph. 


Proof Let V(Bmjn) = {(u,v), (uit 1 <i<m),(vj:1< 7 <n)} and E(Bmn) = {[(wus) : 
1<i<mJUl(vv):1<i< mj|Ul[(uv)]}. Define f : V(Br,,,) — {0,1} by two cases. 


Case 1. If m =n, the vertex labeling is defined by f(u) = {0}, f(v) = {1}, f(ui) = {0,1 < 
i < m}, f(vi) = {1,1 < 7 < m} with an induced edge labeling f*(uu;) = {0,1 < i < m}, 
f*(vv;) = {1,1 < i < m} and f*(uv) = 0. Here Vo(f) = Vi(f) and Eo(f) = Fi(f) +1. It 
satisfies the condition 


[Vo(f) -Vilf) |S 1 and |Eo(f) — Ei(f) |< 1. 


Case 2. If m <n, the vertex labeling is defined by f(u) = {0}, f(v) = {1}, f(ui) = {0,1 < 
i<m}, f(vi) = {1,1 <i < m}, 


HK 


, t=1 mod 2, 
flumsi) = ; : 
, 4=0 mod 2, 1l<i<n-—m 


oO 
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with an induced edge labeling f*(uu;) = {0,1 <i< m}, f*(vv;) = {1,1 <7 < m}, f*(w) =0, 


1, 71=1 mod 2, 


fi(vum +4) = 
0, 7=Omod2, 1<i<n-m. 


Here, if n — m is odd, then Vo(f) +1 = Vi(f) and Eo(f) = E1(f); if n — m is even, then 
Vo(f) =Vi(f) and Fo(f) = E1(f) +1. It satisfies the condition 
[Vo(f) -Vilf) |S 1 and |EZo(f) - Ei(f) |< 1. 


Case 3. If n<m, by substituting m by n and n by m in Case 2 the result follows. 


Hence, By» is a A cordial graph. 


For example B33, B26 and Bg,2 are cordial graphs as shown in the Figures 4, 5 and 6. 


Figure 4 Graph B33 


Figure 5 Graph Bo¢ 
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Figure 6 Graph Bg 2 


Theorem 3.4 A graph Py, © Py, is A cordial. 


Proof Let G be the graph P,, © P, with V(G) = {[u:1<i<m,[vy,:l1<igm 
n—1)} and E(G) = {[(wuwiy41): 1 <i < m— UYUl(uva):1 <i < mUl(vsjvisi) : 


< 
<m,1<j<n-2]}. Define f : V(G) — {0,1} by cases following. 


Case 1. If m is even, then the vertex labeling is defined by 


0, 1<i<2, 0, 1<i<™1l<j<n-l, 
f(ui) = : f (vig) = ‘ 
ae tle’ Sin, 1, Ztisi<mi<gj<gn-l1 
with an induced edge labeling 

i, 1a : 0, 1<i<3, 
f*(uiti+i) = . f*(uivir) = : 

lL: pis trae | dy <a Pee om; 
. 0, 1<i<™1l<j<n-2, 
FP  (vigvig41) = : 

» F+tls<icml<j<n-2 


Here Vo(f) = Vi(f) and Eo(f) = Ei.(f) +1. It satisfies the condition 


Vo(f) -Vilf) |S 1 and |E£o(f) — Ei(f) |< 1. 


1 
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Case 2. If m is odd and n is odd, the vertex labeling is defined by 


0. tng =<. 0: tka Ne Se ed 
f(ui) = ie f(viz) = ee ee eS 
1, SB <i<m, 1, i <i<mi1<jx< 
1, 1<j <4, 
f(umsi;) = 


0, 1<i< 2 0, 1<i< @ 
By SS 2? ? SS 2 
f* (uimi4s) = ran f* (uivir) = wtet 
», Sp tis<i<m-tl, 1, SF +1s<i 
Pd dead 0, 1<i< ™,1<j<n-2, 
an a mts <ji<m1l<j< 2 
’ > St5smM, SISN— 4, 
ee ee 
7 — — Qed 
PO mga jVmgtj4) = 


Here Vo(f) +1 = Vi(f) and Eo(f) = Ei (f). It satisfies the condition 


Vo(f) -Vilf) |S 1 and |E£o(f) — Fi(f) |< 1. 


Case 3. If m is odd and n is even, the vertex labeling is defined by 


f (vig) > 


0, 1<i< @ 0, 1<i< @ 
f* (uitiga) = me, con f* (ua) = : oe eon 
», Spe tisi<m-—tl, 1, s- t1l<i<m 
: -1 : 
Pa ca = 0, l<xi<s 3 ,1l<j<n-2, 
eee mtlLcoicm1l<j< 2 
: x Stsmilsj<en-2, 
Lape 
9 — — Der? 
PO mga Pmt ja) = 


Here Vo(f) = Vi(f) and Eo(f) = Ei(f) +1. It satisfies the condition 


Vo(f) -Vilf) |S 1 and |E£o(f) — Ei(f) |< 1. 
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Hence, the graph P,, © Py, is A cordial. 


For example, P, 6 Ps, Ps © Ps and P; © Ps are A cordial as shown in Figures 7, 8 and 9. 


Figure 9 Graph P; © Ps 
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Theorem 3.5 A Helm (Cy, © Ki) is A cordial. 


Proof Let G be the graph (C,, © Ki) with V(G) = {ui,u; : 1 < i < m} and E(G 
{(uivi) : 1 <i < m}. A vertex labeling on G is defined by f(ui) = {1,1 <i < m}, f(vi 
{0,1 <i < m} with an induced edge labeling f*(ujuiz1) = {1,1 <i < m— 1}, f* (unui) = 1 
f* (ui) = {0,1 <i < m}. Here Vo(f) =Vi(f) and Eo(f) = Fi:(f). It satisfies the condition 


IN IN 


‘ne 
ir 


’ 


Vo(f) -Vilf) |S 1 and |E£o(f) - Fi(f) |< 1. 


Hence, A Helm is A cordial. 


For example, a Helm (Cg © K1) is A cordial as shown in the Figure 10. 


Figure 10 Graph (Ce © K1) 
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Abstract: The purpose of this paper is to describe the problems which involves in the 
reduction of traffic congestion. In particular we use graph theoretical approach which 
is quite appropriate. We use crossing number technique to reduce traffic congestion. 
The minimum number of crossing points in a complete graph is given by Cr(Kn) < 
L[n 


z [| [2] [2] [3] where| ] represents greatest integer function. And we illustrate 


the result with counter examples. 


Key Words: crossing number, complete graph, traffic control, edge connectivity, vertex 


connectivity. 
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§1. Introduction 


The crossing number (sometimes denoted as C(G)) of a graph G is the smallest number of pair 
wise crossings of edges among all drawings of G in the plane. In the last decade, there has been 
significant progress on a true theory of crossing numbers. There are now many theorems on 
the crossing number of a general graph and the structure of crossing critical graphs, whereas 
in the past, most results were about the crossing numbers of either individual graphs or the 
members of special families of graphs. The study of crossing numbers began during the Second 
World War with Paul Turan. In [1], he tells the story of working in a brickyard and wondering 
about how to design an efficient rail system from the kilns to the storage yards. For each kiln 
and each storage yard, there was a track directly connecting them. The problem he Consider 
was how to lay the rails to reduce the number of crossings, where the cars tended to fall off the 
tracks, requiring the workers to reload the bricks onto the cars. This is the problem of finding 
the crossing number of the complete bipartite graph. It is also natural to try to compute the 
crossing number of the complete graph. To date, there are only conjectures for the crossing 
numbers of these graphs Called Guys conjecture which suggest that crossing number of complete 
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graph Kn is given by V(K,,) = Z(n)[2][3] where [ ] represents greatest integer function. 
= 1 B n—-1]|n—2] |n-3 
camer 21 a 2 2 


which can also be written as 


i= an(n—2)?(n—4)  neven 
a(n —1)?(n - 3)? n odd 


Guy prove it for n < 10 in 1972 in 2007 Richter prove it for n < 12 For any graph G, we 
say that the crossing number c(G) is the minimum number of crossings with which it is possible 
to draw G in the plane. We note that the edges of G need not be straight line segments, and 
also that the result is the same whether G is drawn in the plane or on the surface of a sphere. 
Another invariant of G is the rectilinear crossing number, c(G), which is the minimum number 
of crossings when G is drawn in the plane in such a way that every edge is a straight line 
segment. We will find by an example that this is not the same number obtained by drawing G 
on a sphere with the edges as arcs of great circles. In drawing G in the plane, we may locate 
its vertices wherever it is most convenient. A plane graph is one which is already drawn in the 
plane in such a way that no two of its edges intersect. A planar graph is one which can be 
drawn as a plane graph [6]. In terms of the notation introduced above, a graph G is planar if 
and only if c(G) = 0. The earliest result concerning the drawing of graphs in the plane is due to 
Fary [4] [7], who showed that any planar graph (without loops or multiple edges) can be drawn 
in the plane in such a way that every Edge is straight. Thus Farys result may be rephrased: 
if c(G) = 0, then c(G) = 0. In a drawing, the nodes of the graph are mapped into points of 
a plane, and the arcs into continuous curves of the plane, no three having a point in common. 
A minimal drawing does not contain an arc which crosses itself, nor two arcs with more than 
one point in common, [{5],[8]. In general for a set of n line segments, there can be up to O(n?) 
intersection points, since if every segment intersects every other segment, there would be 

MoV _ O(n) 
Crossing points to compute them all we require O(n?) algorithm. 

The traffic theory is a physical phenomenon that aims at understanding and improving 
automobile traffic, and the problem associated with it such as traffic congestion [9]. The traffic 
control problem is to minimize the waiting time of the public transportation while maintaining 
the individual traffic flow optimally [10]. Significant development of traffic control systems using 
traffic lights have been achieved since the first traffic controller was installed in London in 1868. 
The first green wave was realized in Salt Lake City (U.K.) in 1918, and the first area traffic 
controller was introduced in Toronto in 1960. At the beginning, electromechanical devices were 
used to perform traffic control. Then Intelligent Transportation System (ITS) is used exten- 
sively in urban areas to control traffic at an intersection [11]. The traffic data in a particular 
region can be used to direct the traffic flow to improve traffic output without adding new roads. 


In order to collect accurate traffic data semi conductor-based controllers known as sensors were 
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placed in different places to collect traffic information are used in traffic control system [11], 
[12], [13]. Nowadays, microprocessor based controller are used in Traffic Control Systems. The 
combinatorial approach to the optimal traffic control problem was founded by Stoffers [14] in 
1968 by introducing the Compatibility Graph of traffic streams. One of the main uses of traf- 
fic theory is the development of traffic models which can be used for estimation, prediction, 
and control related tasks for the automobile traffic process. The term Intelligent Transporta- 
tion System (ITS) refers to information and communication technology applied to transport 
infrastructure and vehicles, that improves transport outcomes such as transport safety, trans- 
port productivity, transport reliability, informed traveler choice, environmental performance 
etc. [15] , [16]. ITS mainly comes from the problems caused by traffic congestion and synergy 
of new information technology for simulation, real time control and communication networks. 
Traffic congestion has been increased world wide as a result of increased motorization, urban- 
ization, population growth and changes in population density. Congestion reduces efficiency of 
transportation infrastructure and increases travel time, air pollution and fuel consumption. At 
the beginning of 1920, in United States large increase in both motorization and urbanization 
led to the migration of the population from sparsely populated rural areas and densely packed 
urban areas into suburbs (sub urban areas). Intelligent Transport Systems vary in technologies 
applied, from basic management system such as car navigation; traffic signal control systems; 
container management system; variable message sign; automatic number plate recognition or 
speed cameras to monitor applications; such as security CCTV systems; and to more advanced 
applications that integrate live data and feedback from a number of other sources, such as 
parking guidance and information systems; weather information etc. Additional predictive 
techniques are being developed to allow advanced modeling and comparison with historical 
data. The traffic flow predictions will be delivered to the drivers via different channels such as 
roadside billboards, radio stations, internet, and on vehicle GPS (Global Positioning Systems) 
systems. One of the components of an ITS is the live traffic data collection. To collect accurate 
traffic data sensors have to be placed on the roads and streets to measure the flow of traffic. 
Some of the constituent technologies implemented in ITS are namely, Wireless Communication, 
Computational technologies, Sensing technologies, Video Vehicle Detection etc. Urban traffic 
congestion is a significant and growing problem in many parts of the world. Moreover, as 
congestion continues to increase, the conventional approach of ” building more roads” doesn’t 
always work for a variety of political, financial, and environmental reasons. In fact, building 
new roads can actually compound congestion, in some cases, by inducing greater demands for 
vehicle travel that quickly eat away the additional capacity? Against this backdrop of serious 
existing and growing congestion traffic Control techniques and information systems are needed 
that can substantially increase capacity and Improve traffic flow efficiency. Application of ITS 
technologies in areas such as road user information and navigation systems, improved traffic 
control systems and vehicle guidance and control systems has significant potential for relieving 
traffic congestions. 


Theorem 1.1 The edge connectivity of a graph G cannot exceed the degree of the vertex with 


the smallest degree in G. 


156 Mushtaq Ahmad Shah, Mridula Purohit and M.H.Gulzar 


Theorem 1.2 The vertex connectivity of any graph G can never exceed the edge connectivity 


of G. 


Theorem 1.3 The maximum vertex connectivity one can achieve in a graph of n vertices and 


e edges ise >n—1 Thus we conclude that vertexconnectivity < edgeconnectivity < 2c 


Definition 1.4 A graph G(v,e) where v is the set of vertices and e the set of edges is said to 


be complete if degree of each vertex is v — 1. 
Definition 1.5 The number of edges incident on a vertex is said to be degree of the vertex. 


Proposed Solution 1.6 As congestion continues to increase, the conventional approach of 
building more roads doesn’t always work for a variety of political, financial, and environmental 
reasons. In fact, building new roads can actually compound congestion. There is no particular 
technique which reduces traffic congestion. Numbers of techniques are simultaneously required 
to curb this problem. Traffic congestion is one of the challenging problem in the world the 
aim of this research paper is that how to curb this problem. Before giving the solution to the 
problem we would like to introduce you the graph theoretical approach of the problem, using 
underlying graphs. We represent various cities by vertices and roads connected them by edges. 
Since every city must be connected with all other cities in particular geographical area so first of 
all we are dealing with complete graphs then we shall remove all the edges in the graph in such 
a way that maximum crossing pointes will be removed and there is no effect in the connectivity. 


Following are the techniques require curbing traffic congestion. 


Definition 1.7 Let G(v,e) be a complete graph v the set of vertices and e the set of edges. the 
crossing number Cr(G) of a complete graph G(v,e) is the least number of crossings, common 
points of two arcs other than a vertex, in any drawing of graph in a plane (or on a sphere) in 
a drawing the vertex of the graph are mapped into points of a plane and the arcs into continue 
curves of the plane no three having a point in common, unless it be an end point (vertex) of the 
arc. A drawing which exhibits a crossing number is called minimal a minimal drawing does not 
contain an arc which crosses itself nor two arcs with more than one point in common. For any 
complete graph Ky, it has been shown that the minimum number of crossing points is given by 
Cr(Kn) < $+ [4] [54] [7] [52]. where[ ] represents greatest integer function. 

Since minimum number of crossing points means minimum number of interruptions on 
roads which minimize the waiting time of the traffic participants so traffic congestion is reduces. 
After drawing the graph with minimum crossings we remove all those edges in a graph which 
does not effect the connectivity of the graph but reduce more crossings so the graph becomes 
more efficient as shown in Figure 1 here red dots represent vertices and yellow dots represent 


crossing points. 
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Ss &D 


Figure 1 


We shall keep this point in mind that no three edges has a point in common if it is necessary 
then we have to keep other crossing point at least one kilometer away from one another as shown 
in Figure 2 


Oo XS 


Figure 2 


Because more than one crossing at point will increase interruption on traffic flow, first of 
all we have to try our best to reduce the intensity of crossing points, if it is not possible then 
flyovers should be constructed at every crossing so that there is no interruption on traffic flow, 
in this case only slow moments are possible not traffic jam. The above crossing point technique 
will reduce traffic congestion in a large extent. if there are maximum crossing points on the 
roads then maximum traffic congestion is possible so minimum crossing means minimum traffic 
congestion so we have to reduce the crossing points then traffic congestion is reduced. The aim 
to reduce traffic congestion is to reduce the crossing points. There are certain crossing points 
where more than two roads cross each other and traffic lights are imposed to allow the traffic 
flow alternatively one by one. so traffic congestion is increased because more and more vehicles 
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have to be stopped on the roads First of all we shall try over best to reduce those crossing points 
where more than two crossing points exist which is quite possible, if it is necessary then, on 
these intersection pointes where more than two crossings points exist we have to make flyovers 
(as shown in fig 1.3 below these flyovers have already designed in certain parts of the world for 
this purpose) in such a way that there should not be any crossing point and traffic flow should 
be in continuous manner may be some times there are slow moments but still it will reduce 
traffic congestion. 


Figure 3 


§3. Methods 


Method 3.1 There should be exclusive lanes for public transport so that private transport 
system does not affect the moment of the public transport. 


Method 3.2 A turning restriction is imposed on the traffic, and vehicles are allow to turn 
on certain places turning points are at least one kilometer away from the crossing points if the 
turning points are at crossing points it will definitely increase traffic congestion, and proper fly- 
overs system is imposed as shown in Figure 4, which will automatically reduce traffic congestion 


in a large extent. 
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Figure 4 


Method 3.3 A double win method has already imposed in certain cities of the world and has 


been proved to be very happy one. A congestion charge is essentially an economic method of 


regulating traffic by imposing fees on vehicle users that travels a city more crowed roads, but 


charge vary by city to city depending up on crowed on the city. 


Method 3.4 The Parking restrictions on road side should be banned to reduce congestion. 


Method 3.5 Remove some link roads at high efficiency points. Then we have to connect them 


other side so that minimum crossings are possible. 
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Famous Words 161 


The people who get on in this world are the people who get up and look for 
circumstances they want, and if they cannot find them. they make them. 


By George Bernard Shaw, a British dramatist . 
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